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ON FUNCTIONS OF SEVERAL COMPLEX VARIABLES* 
BY 


WILLIAM F. OSGOOD 


By means of certain very simple examples it is possible to decide a number 
of questions relating to analytic functions of several complex variables, which 
have hitherto, so far as the author is aware, remained open. 

It is unsatisfactory, in stating an important theorem, not to know whether 
a given hypothesis is needed merely for convenience of proof, or whether the 
theorem would be false if it were omitted. The situation is still more annoying 
when it is conceivable that the theorem could be proven with about the same 
ease without the hypothesis, if one were only able to see more clearly. 

Some of the questions to which these examples apply are of this nature. 
In other cases analytic phenomena of novel character are brought to light. 


1. A BRANCH MORE GENERAL THAN AN ELEMENT 
Let x, y, and z be defined by the equations: 
(1) x=f(u,r), y=¢(u,v), z=y(u,?r), 


where f, ¢, ¥ are rational functions of wu and 2, all of which vanish at the 
origin, (u,v) = (0,0); and let at least one of the two-rowed determinants 
in the matrix 


af a oy 


| Ou Ou du || 


| af a6 ay} 
| dv dv av || 


be not identically 0. Then the equations (1) determine a piece of a mono- 
genic analytic configuration—a surface—and the equation of this surface 
can be obtained in the form 
(3) G(z,y,2) =0 
by eliminating wand v. Here, G denotes an irreducible polynomial vanishing 
at the origin. 

If we replace the requirement that f, ¢, y be rational by the hypothesis 
= Presented to the Society, October 30, 1915. 
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that they be merely analytic at the origin, and retain the other requirements, 
the equations (1) still determine a piece of a monogenic analytic configuration, 
and it is frequently possible to represent this piece in the neighborhood of 
the origin by a single equation (3), where now G is analytic at the origin and 
vanishes there, and moreover is irreducible.* The question presents itself: 
Is this always possible? 

This question is to be answered in the negative, as is shown by the following 
example. 

TueorEeM I. The equations 
(A) 2=U, y = ur, z= uve’ 


define a piece of a monogenic analytic configuration G , the codrdinates of whose 
points do not satisfy any relation of the form 


Q(z2,y,2z) =0, 


where Q is analytic at the origin, but does not vanish identically. 
The proof is immediate. Suppose there were such a function. Let it be 
developed into a series of homogeneous polynomials: 


Q=%+i+h+-:-:-, 


and let 
Qn = Apa" + (Ary + Biz)a™™" + (Ary? + Boyz + C2 2)a™? + --- 
Substitute for 2, y, z in Q their values from (A) and develop according to 
ascending powers of wu. The coefficient of u” will be 
(4) Ag + (Ai + Bie”) v + (Ao + Bre? + Cre”)e?+---, 
and this coefficient must vanish for all values of v. Let v = 2 be an arbitrary 


value of v. Then, in particular, (4) must vanish for the values of the argu- 


ment, 
(5) v= %) + 2kri, k=0,1,2,---,n. 


The equations thus arising from (4) may be regarded as n + 1 linear homo- 
geneous equations in A» and the parentheses. Their determinant, being 
the product of the differences of the numbers (5), is not 0. Hence Ap» and 
each parenthesis must vanish. 

Finally, if an expression of the form 


A + Be’ + Ce” + --- tok terms 
vanishes for all values of v, then each coefficient must vanish. For, on setting 


ecv=w, 


* I. e., G cannot be represented as the product of two factors, each of which is analytic at 
the origin and vanishes there. 
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this expression becomes a polynomial, 
A+ Buwt+ Cw? +-:--. 


This completes the proof. The example can be carried over to n functions 
of n — 1 parameters by setting 
41 = Uy, Xe = Uy U2, 3 = Uj Wwe", 
(A’) , 
LE = Uj Ue", k=4,---,n. 

The title of this paragraph is due to the fact that Weierstrass* suggests 
by a distinction in terminology that he was aware of the phenomena here 
treated. Such equations as (1) define what he calls a branch of a monogenic 
analytic configuration, while an element is given by a more restricted definition. 


2. ON THE IDENTICAL VANISHING OF THE JACOBIAN 


The following theorem is well known. Let 


(B) Filta, +++, Uns Yty *** 5 Ym) (t=1,---,n), 
be analytic in the point (b, 8) = (bi, ---, bn, Bi, «++, Bm), and let 
fi(br, «++, bn, Bi, +++, Bm) = a; (¢=1,---,n). 


‘ 


Let T be an arbitrary neighborhood of the point 
(a, B) = (a, -*°, Gn, Bi, -++, Bm). 


Finally, let the jacobian 
O(fi, oo. Sa) 
O (U1, °**, Un)’ 


regarded as a function of the n + m arguments (u, y), vanish identically. 
Then there exists a point (a’, 6’) of T and a function 


Q(x, °°*, Sey Ys °° *s Ym) 
analytic at (a’, 8’) and such that 
(i) Q(21,-++, In, Bi, +++, Bn) #5 
if x; be replaced by f;: 
(ii) ti = fi( Ur, ++ Uns Yr> °°* > Ym) Mee, «0% 


the function 2 then goes over into a function of (uw, --+, Un, Y1, ***» Ym) 


: * Weierstrass, in the memoir devoted to the proof of the Theta Theorem, Werke, vol. 3, 
p. 103, where the definition of Zweig is given, the definition of Hlement having just preceded. 

+ Cf. Peano-Genocchi, Calcolo differenziale, p. 172; Jordan, Cours d’analyse, vol. I, 2d ed., 
1893, p. 86. 
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which vanishes identically in these arguments: 
Q(fi, ae Yi, -** 5 Ym) = 0. 


Is this theorem true ‘when the point (a’, 6’) is taken at (a,8)? The 
answer is given by the following theorem. 

THEOREM 2. a) In the case n = 2 the above theorem is true when the point 
(a’, B’) ws taken at (a, B). 

b) When n > 2, the theorem does not hold generally when (a’, B’) is taken 
at (a,B). 

The first part of the theorem is due to Bliss, and was proven by him in the 
Princeton Colloquium of 1909, published in 1913, Chap. 2, § 12, p. 67. 

To prove the second part of the theorem it is sufficient to cite one ex- 
ample. In the equations (A) let u be replaced by uw: 


(B) r= uw, y = urww, z= uvwe’. 


Here, it is clear that the jacobian vanishes identically, and that, moreover, 
the three functions are not connected by any relation of the form 


Q(r,y,2z) = 0, 


where 2 is analytic at the origin and does not vanish identically, but goes 
over, when the functions (B) are substituted in it, into a function of uw, v, w 
which is identically zero. 

For the case of n arguments u; and m parameters y; we may set 


Zi = U1 Un; Xo = Uy U2 Un, Xz = Uy U2 Un ee’, 
(B’) 


Zp = Uy Ue U, CO (k =4,-+-,n). 


3. CONCERNING A GENERALIZATION OF WEIERSTRASS’S THEOREM OF 
FACTORIZATION 


In the Madison Colloquium* I called attention to a generalization of Weier- 
strass’s theorem of factorization for functions of two variables, and raised 
the question as to whether the theorem holds generally. 

Let F(u; 21, -+-,2n) be analytic at the origin and vanish there. Is 7 
then always possible to represent F in the neighborhood of the origin in the form 


F (uj a1, +++, %) = [Aou™ + Ayu™! + --- + An] H(u; am, +++, an), 


where Ay(a1, +++, tr), k=O, «++, m, is analytic at the origin, and 
H (u; 21, +++, %n) is analytic at the origin and does not vanish there? 

That the theorem is true when n = 1 was recognized by Risley and Mac- 
donald.t| When, however, n > 1, the theorem is false, as appears from the 
following example. 


*P. 184. 
tAnnals of Mathematics, 2dser., vol. 12 (1910), p. 73. 
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Let w = Q(z) be the function defined by the series* 


n!+2 


< 2 
Q(z) 2+ Bary iy (al +2)" 
This function is analytic throughout the interior of the unit circle, has the 
circumference of that circle as a natural boundary, and maps the above region 
in a one-to-one manner and conformally on a finite single-leaved region of 
the w-plane. Let R(w) be the inverse function: 


w= Q(z), z= R(w). 


Then R is also single-valued and analytic, the point w = 0 lying within its 
domain of definition. 

We proceed now to form the example required for our purpose. Consider 
the function 


(C) 2=0(2). 


It is obviously a single-valued monogenic analytic function, and its domain 
of definition is the region 
(6) 0=ly|<|z|. 


Moreover, z remains finite: |z|< G. 

The corresponding monogenic analytic configuration is also given by the 
equation 
(D) y —«R(z) =0. 


The example is the following: 
(E) F(z,2,y) =y —2R(z). 


If this function permitted a factorization of the kind in question, then the 
configuration (D) would be represented in the neighborhood of the origin by 
an equation of the form 


(7) Ao(a, y)2™ + Ai(x, y)2™ 2 + +++ + Am (at, y) = 0, 


where A; (2, y) is analytic at the origin, and Ag(z, y) # 0. 

Here, Ao(x,y) must vanish at the origin. For otherwise we may set 
Ao(x,y) = 1, and then either horn of the dilemma: m > 1, m = 1, leads 
at once to a contradiction. 

Now let (21, y:) be chosen within an arbitrary neighborhood of the origin 
as a point distinct from the origin, for which A(z, y) vanishes, but for 
which some other coefficient, A, (x,y), does not. It must be possible to 
find such a point, since otherwise all the coefficients in (7) would be divisible 


~ * Cf. the author’s Funktionentheorie, vol. 1, ch. 9, § 5. 
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by one and the same prime factor G(2, y) of Ao(z, y); hence (E) must also 
be divisible by G, and this is evidently not the case. 

Let (20, yo) be a point of the domain (6), lying in the neighborhood of the 
origin, and let Ao(2o, yo) +0. Let the discriminant D(z, y) of (7) also 
be different from 0 in this point. Then z = Q(yo/2o) will be one of the 
roots of (7). 

We now proceed to let the point (x,y) move along a path emanating 
from (29, yo) and leading to (21, y:), but passing through no point in which 
either Aj (2, y) or D(x, y) vanishes. The function z defined in the neighbor- 
hood of (20, yo) by (C) must admit an analytic continuation along this path, 
since this is true for the same function, regarded as a root of (7). 

On the other hand, at least one of the roots of (7) becomes infinite as (2, y) 
approaches (.;, y:), and we can choose the path so that the above function z 
will be carried over into such a root. For, even though (7) may be reducible, 
still the function (C) satisfies an irreducible equation of the same type as (7), 
the left-hand side of the equation being a factor of the left-hand side of (7); 
and we may choose (2;, y;) with reference to the irreducible equation. Here 
is a contradiction, and thus the following theorem is established. 

TuEorEM 3. When n = 1, the question proposed at the beginning of the 
paragraph is to be answered in the affirmative; when n > 1, in the negative. 

A further example which illustrates the same point, but in which the whole 
monogenic analytic configuration lies in the finite region is the following: 


(FP) zrx=u, y = ur, z=@Q(u)+Q(v), jul<1, lo] <1; 


or: 


(F’) == (2) +0(4), 0=\|y|<|z|< 1; 
or still again: 
(F’’) y = eR[z-—Q(a)]. 


In the last case, |2|< 1, Q(2) remains finite, and z must be so chosen that 
the point z — Q(x) lies in the domain of definition of the function R. Thus 
y also remains finite. 
4, GEOMETRIC INTERPRETATION. A FURTHER EXAMPLE 
Consider the function 
(G) z= 


in the neighborhood of the origin, (2, y) = (0,0). The function is analytic 
at all points there save those for which 2 = 0. But its value does not remain 


finite. 
In fact, we can picture the function to ourselves in a way by considering 
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the real surface corresponding to real values of x and y. This surface is 
spread out over the neighborhood of the origin, the line x = 0 in the (2, y)- 
plane being excepted, and is generated by a line 


(9) yY = %2, Z = 2%, 


which always cuts the z-axis, is parallel to the (x, y)-plane, and rotates as 

its point of intersection with the z-axis advances. The one direction in the 

(x, y)-plane to which this line never becomes parallel is that of the y-axis; 

and in order to make a small angle with that direction, it has to recede far. 
On the other hand, consider the function (C): 


ee y 
(H) -=0(), 
and set over against it the surface 

(H’) y = 2xR(z). 


Think of this surface as generated by the moving line: 
(h) y = R(z)2, Zz = 2. 


This is a surface of precisely the same character as the one generated by 
the moving line (g), the difference being merely that the rate at which the mov- 
ing line rotates’as its point of intersection with the z-axis travels along that 
line is different; and, moreover, that this point does not go so far, being re- 
stricted to a finite field. 

When we project the surface (H’) on the (2, y)-plane, we do not get approxi- 
mately the whole neighborhood of the origin, but only so much, in the domain 
of reals, as lies within a certain angle. 

This fact is suggestive for the complex case. The analogue of the angular 
region just referred to is the portion of the four-dimensional space defined by 
the relations (6). 

That which the two examples (@) and (#7) have in common is this, that 
when we consider the part of the monogenic analytic configuration which lies 
in the (complex) three-dimensional neighborhood of the origin (2, y, z) 
= (0,0, 0), we obtain each time a piece of an analytic surface, 


(K) y = (2,2), 
where w is analytic at the origin and vanishes there, namely 
w(z,2) = 2 resp. w(2z,z) = #R(z). 


That in which the two examples differ is this. When the equation (K) is 
solved for z, we get in the one case a function (G@) having a non-essential 
singularity at the origin, (27, y) = (0,0). In the other case, the solution 
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of (K) for z yields a function (H) having at the origin a singularity for which 
the algebraic functions yield no prototype. The origin lies on the boundary 
of a lacunary space; it is a point of a natural boundary of a single-valued 
monogenic function of x and y. 

Thus we have been led by the geometric picture to an example which justi- 
fies the following theorem. 

THeorEeM 4. Let G(x, y, z) beafunction analytic at the origin and vanishing 
there, and let G be irreducible. Furthermore, let G actually depend onz. Then 
the equation G(x, y,2z) = 0, when solved for z may yield a single-valued mono- 
genic analytic function which has at the origin (x,y) = (0,0) a@ singularity 
for which algebraic and algebroid functions yield no prototype. 

In fact, the origin may be a point of a natural boundary, the neighborhood of 
the origin consisting in part of a lacunary space. 

Two remarks.—First, we have obtained a property of analytic functions 
in two variables which is distinctly unlike what we know to be the case for 
such functions in a single variable. There, if y = f(x) is a function analytic 
at a point z = a or having there at most a branch-point or pole (the most 
general singularity of which algebraic or algebroid functions of one variable 
are capable), and if f (2) actually depends on z (i. e., is not a constant) then 
the inverse function x = @(y) can have at the corresponding point at most a 
singularity of algebraic type. 

The second remark is this. While it is easy to form real functions of two 
real variables which are analytic in disconnected regions of the (z, y)-plane, 
but are, in the complex domain, merely branches of one and the same mono- 
genic analytic function,—log sin (2 + y) is, for example, such a function,— 
still, the monogenic functions involved are apt to be multiple-valued. 

In the functions (F’) and (H) we have single-valued monogenic analytic 
functions exhibiting this property. 

If it be desired to have the two domains of definition finite and without 
even a boundary point in common, the following function will serve the 
purpose: 


(1) F(x,y) = Q(z) +(x) + (4), 


R<lal<1, O5|y|<Ie2. 


HarvArD UNIVERSITY, 
June 10, 1915 





A STUDY OF CERTAIN FUNCTIONAL EQUATIONS FOR THE 
3-FUNCTIONS* 


BY 


E. B. VAN VLECK anv F. H’DOUBLER 


Functional equations for familiar elementary functions have been studied 
by Cauchy and others. In the case of the sine and cosine it is natural to 
treat the two functions together and to take as the defining system the addi- 
tion-equations, 


S(a+ty) =S8(x)C(y)+C(2)S(y), 
C(ia+y) =C(2x)C(y) — S(x)S(y). 


This system of equations has been studied by Tanneryt and in Osgood’s 
Lehrbuch der Funktionentheorie,t and the real solutions are shown to have the 


form ‘ 
S(a2) = e® sin br, C(a2) = e* cos bz, 


(D) 


from which the trigonometric functions are separated by imposing the accessory 
condition 


S?(2) + C?(2) =1. 


The general solution of (D) is given incidentally in this paper (§ 7) on the 
hypothesis that S(2), C(2) are continuous functions (not necessarily ana- 
lytic) existent over the entire complex z-plane. 

So far as we know, no previous investigation has been made of the more 


comprehensive system 
o(xt+y)o(x—y) =P (2) (y) -—#(y)¥ (2), 
V(rt+y)¥(e—y) =P (2)P(y) — (2) (y), 


which forms the object of study of this paper. Our purpose is two-fold, to 
ascertain what solutions this system admits and, secondly, when ¢(2), 
y (x) possess doubly periodic systems of zeros, to develop directly from (A) 
the characteristic properties found for them in the theory of the Jacobian 


(A) 


* Presented to the Society at its summer meeting in Madison, September 9, 1913. 
t Fonctions d’une variable, 1886, p. 147. 
t See second edition, p. 582. 
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8-functions or the Weierstrassian o-functions. In connection with (A) the 
functional equation 
R(x) — R’(y) 
(B) R(x + y) R(x — 9) = 7 pez) Ry) 
is also treated. 

It will be supposed that ¢(2), ~(a) are continuous one-valued functions 
(not necessarily analytic) existent over the entire plane, except in the investi- 
gation of real solutions of (A) when existence is only assumed for the real axis. 
In any solution the components ¢(2), ¥(2) can be modified by a common 
arbitrary exponential factor of form (11). 

The different kinds of solutions can be differentiated from one another 
by the manner in which the roots are distributed. If ¢(z2) = 0, we have the 
equation 


(C) v(rty)v(2—y) =F (2) Py), 


of which the complete solution is obtained (§ 2). A second case is that in 
which @(2) vanishes identically along a straight line through the origin, or 
over a set of equidistant parallel lines. This case is discharged in §3. The 
solutions are non-analytic and are deducible in most simple fashion from 
sections of solutions for the other cases taken along the real axis or other 
line through the origin. 

The only other possible cases are those in which the zeros of ¢(2) and 
those of ¥ (2) form simultaneously either simply periodic or doubly periodic 
systems. A necessary and sufficient condition for the simply periodic case 
is obtained, depending upon the value of ¢(2)/¢(a/2) for x = a/4, where a 
designates a “ primitive”’ zero used in normalizing ¢(2). The complete 
solution ($7) is obtained for this case, the analytic solutions being expres- 
sible through the functions 


(2) = e* sin pr, x) = e* cos pr, 
be ) bs 


or through “ equivalent ” ($1) solutions. All non-analytic solutions of this 
case are obtainable from these by a real affine transformation of the z-plane 
which leaves the origin unaltered. It may be added that by simple transfor- 
mations equations (A) may be reduced in this simply periodic case to form (D). 

In the remaining case of a doubly periodic system of zeros the existence 
(§ 6) is established which together involve four 


‘ ” 


of three “ allied solutions 
functions having the characteristic properties of the four 3-functions. When 
analytic, the solution is expressible through 


\ _ Hier, q) oe _ b(cx, q) oar 
¢(z) = v(0,q)° ’ rr* d(0,q)° ’ 


and equivalent solutions, or through other similar pairs of J-functions (cf. 
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I-III). It seems altogether likely that all non-analytic solutions are derivable 
from these by affine transformation of the z-plane, but the point is not settled. 
All solutions are analytic on any line through the origin. A complete 
determination of the real solutions (§ 10) is made, three cases (beside transi- 
tional cases) being distinguished which are solved through the functions: 


d (cx, q) 


; _ di (cx, q) clx? _ ; 4 c/x? 
7 ee le 
om x(cx, 4) 92 (0,4) cys 


(= ZOge ? YOr*RO ge” 


_ di(cr, gq) 0,08 _ , Oe (ex, iq) 0,12 
Qi) b= 3 00,mq)° ° VOT,” ? 


in which q, c, c’ are real and arbitrary with |q|< 1. In terms of Weier- 
strassian functions we can give the solutions the more symmetrical form 


o (a) = e"*V(e,— ep) (Ca— ey) o(er), le) = te’ a, (cx) 
(a =1,2,3). 


For a = 1, 3 the quasi-periods of the functions are the one real and the other 
a pure imaginary, and we have the order of succession ¢; > ¢: > e3. When 
a = 2, the periods are conjugate imaginaries, ¢2 is real, and e;, es are conjugate 
imaginaries. In the transition case we get the solutions: 


(IV) o(x) 
(V) o(2) = e* sin pa, ¥(r) = + e™ cos ux. 


e*™ sinh ue, y(x) = +e cosh pa, 


It should be mentioned that it follows directly from (A) that ¢ (2) satisfies 
the équation @ trois termes: 
f (uy + ue) f (a1 — U2) f (us + us) f (us — us) 
+ f (ui + us)f (ur — us)f (4 + U2) f (tu — U2) 
+ f (us + us) f (ur — ug) f (te + us) f (ue. — us) = 0. 


The solution of this equation was obtained by Delisle* through power-series 
methods on the hypothesis of the analytic character of f(u). With one 
assumption confessedly unproved regarding a certain determinant, the solu- 


« 


tion was shown to be of form c’ e* ¢ (x). 


1. ON THE ZEROS OF THE SOLUTIONS 


Let ¢(2), ¥ (2x) be one-valued, continuous functions satisfying the equa- 
tions 


*Mathematische Annalen, vol. 30 (1887), p. 91. 
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un (a (x+y) o(x—y) = (2)P(y) — 8 (y) Pz), 
(2) v(rt+y)¥(x—y) = P(2)P(y) — # (2) e*(y). 


We shall suppose their existence over the whole of the finite complex plane, 
except in parts of the work in which their existence is assumed only on a line 
through the origin, taken without loss of generality as the real axis. Much 
of the development will be seen to be applicable on either hypothesis. 

From the exchange of x and y in (A) it appears that 


o(x-—y)=—-o(y-2), vV(r—y)=V(y—-2); 


in other words, ¢ (2) is an odd and (2) an even function. Since ¢(0) = 0, 
we obtain by putting y = 0 in (2) either ¥7(0) = 1 or Y(z) =0. If 
¥ (2) = 0, it follows from (2) that ¢(x2) = 0, and this is also true if 


¥V(z)=21. 


We put to one side these trivial solutions, which are, indeed, the only ones in 
which both functions are constants. 

It is immaterial whether we take y(0) = 1 or ¥(0) = — 1 since the 
four pairs of functions + @(x2), + ¥(2) simultaneously satisfy (A). We 
take henceforth Y(0) = 1. Other pairs of functions satisfying (A) are 
+ip(x), +wW(ar). These eight solutions will be called equivalent. 

The key to the properties of the two functions is to be found in the distri- 
bution of their zeros. We will first show that (2) and (2x) can not vanish 
simultaneously for any value of x. Suppose, if possible, that they both vanish 
forxz = &. Then on placing y = x + £ equations (A) become 

O= P(x) P(r+i) -—Pl(xt+E)VP(z), 

O=P(a)P(rt+i)-—P(xrt+E)P (2). 
Since ¥ (2) is by hypothesis continuous and takes the value 1 at the origin, 
we can choose a positive 6 so small that y(2) will not vanish in the circle 
(interval) |x|= 26. If either 6(2 +) or Y(a + &) vanishes for a value 
of x in this circle (interval), equations (3) show that the other does also. 
When neither vanishes, their elimination from (3) gives ¢*(2) = (2). 
Now for y = x equation (2) yields the fundamental relation 


(4) -  y(2r) = ¥\(x) — o*(2), 


from which we get ¥(2x) = 0. This, however, is impossible for |x|= 6. 
It follows therefore that if @¢(2) and ¥(2) both vanish at any point £, they 
must vanish over a circle (interval) of radius 6 having £ as its center. Follow 
now our functions along a straight line from & to the origin. The interval 
in which both functions simultaneously vanish can not terminate at a point £ 
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between é and 0 because then both functions in consequence of their continuity 
would vanish at ~’ and hence in some circle (interval) having ~’ as its center. 
On the other hand, the interval can not extend to the origin because ¥ (0) = 1. 
From the resulting contradiction we conclude that the two functions can 
nowhere vanish at the same point. 

We will next establish that when ¢ (2), y (2) exist over the complex plane, 
one or the other must have a zero not at the origin. For suppose the contrary 
and consider the quotient R(2) = ¢(2x)/p~(2) which satisfies the functional 
equation 

R(2) — FR? 
(B) R(x +y) R(t 9) = 7 Fey 

By the hypothesis just made R (2) is both finite and continuous, vanishing 
only for = 0. The right-hand member of (B) is indeterminate only if 
R(x) = R?(y) = +1. It is, however, impossible for R?(2) to take the 
values + 1, for we would then have ¢‘ (2) = (2) and hence also y (22) = 0, 
contrary to the hypothesis. Furthermore, R (2) can not take the.same value 
at two different points x, y because then by (B) we would have R(x + y) = 0, 
i. €., y = — 2, which is impossible since then R(y) = R(— 2x) = — R(2). 
Consequently R(a2) must build the complex z-plane by a continuous 1-1 
correspondence upon a portion of the R-plane. 

In this correspondence a simply connected region including the origin of 
the z-plane is built upon a simply connected region including the origin of 
the R-plane. To the continuous set of circles of increasing radius about the 
x-origin corresponds a succession of closed contours about the origin of the 
R-plane which fill an open region 7 which is the image of the finite z-plane. 
If T does not extend infinitely far outwards from the origin O in every direc- 
tion save in the directions of the points x = + 1, +7, there must be in some 
other direction a first frontier point R. On OR we can select points R(x), 
R(y) so close to R that the corresponding points z, y lie on circies of an 
arbitrarily large radius about the origin, and we can at the same time take 
|y| so large relatively to |x| that |x + y| and |x — y| will both be as large 
as we please. On the other hand, when R(2) and R(y) are sufficiently near 
to R and therefore to each other, it follows from (B) that either IR(a+y)| 
or |R(x—y)|, and hence either |x + y| or |2 — y|, must be extremely 
small. Since this gives a contradiction, the frontier point R can not exist. 
Then 7 must stretch out to infinity in every direction from the origin except 
toward +1, +7. Consequently within 7 we can find points for which 
R(a)R(y) = +1, whence it follows by (B) that either R(x+y) or 
R(«#—y) must be infinite. But this is impossible if always y(x) +0. 
Thus finally we must reject the hypothesis that neither ¢ (2) nor y (2) van- 
ishes excepting the former at x = 0. 
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Suppose now a + 0 to be a root of ¢(2). For y = x + a@ equation (1) 
gives 

: P(r) Pl(xt+a) 
i P(x) ~ Plata)’ 
Consequently @ is a period of ¢?(2)/¥’ (2), and @(2) which vanishes for 
x = 0 has the perindic set of zeros + na. If (2) is analytic, its complete 
system of zeros is simply or doubly periodic unless ¢(2) vanishes over the 
entire plane. When ¢(2) is merely supposed to be continuous, the same 
conclusion follows by a well-known argument* provided there is a finite lower 
limit for the absolute values of all zeros other than a = 0. If there is no such 
lower limit, then either the zeros for sufficiently small value of their modulus 
will all have the same argument (mod. 7) or we can form doubly periodic 
systems of zeros, for which the sides of the period parallelogram are smaller 
than any arbitrarily assigned magnitude. In the latter case the zeros will be 
everywhere dense and ¢(2) will vanish over the entire plane. In the former 
case there is a line through the origin on which there exists arbitrarily small 
periods for the zeros and on which accordingly ¢(a) everywhere vanishes. 
If, furthermore, ¢(.2) has a zero without this line, then from the periodicity 
of ¢?(2)/¥’ (2) it follows that there is a set of equidistant parallel lines on 
which ¢(2) everywhere vanishes. 

Suppose next that Y(2) has a root 8. For y = x + 6 equation (2) be- 
comes 
(6) (2) ¥(z+8) 
V(r) P(x +8B) 


Consequently ¢? (x)/y* (x) has the period 26, and 28 must be a zero of ¢(2). 
Since also either ¢ (2) or ¥ (2) possesses a root not at the origin, we conclude 
that d(2) has always one such zero and therefore a periodic system of zeros. 
Furthermore, from (6) it is evident that the zeros of either function are ob- 
tained from those of the other by a displacement 8. Thus zf ~(2) has a 
single zero, the system of zeros of d(x) and y(x) must be of the same character. 
Later it will be shown (§ 5) that if the zeros of @(.2) are isolated and either 
simply or doubly periodic, y (2) will possess zeros also. 

According to the nature of the root system of ¢ (2x) the following four cases 
may now be distinguished, and only these: 

(1) d(x) =O. 

(2) @(a) vanishes everywhere upon some straight line through the origin 
or over a set of equidistant parallel straight lines, one of which passes through 
z=0. 

(3) @(2) and ¥(2) have each a simply periodic set of zeros, those of the 


* Cf. Osgood’s Funktionentheorie, 2d ed., pp. 459-460. 
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latter function being situated half way between consecutive zeros of the former, 
inasmuch as 28 is a root of ¢(2). 

(4) Both functions have a doubly periodic set of zeros. Three positions 
are possible for the zeros of ¥ (2) relatively to those of ¢(2); they may be 
either the centers of the period-parallelograms for the zeros of @(2), or the 
middle points of one system of parallel sides, or the middle points of the other. 


2. A SPECIAL FUNCTIONAL EQUATION 


We shall consider first the case in which ¢(2) vanishes over the entire 
complex plane. Equation (2) then reduces to the functional equation 


(C) vV(rt+ty)¥(e@—y) =P (2) (y). 


More generally, this equation holds for any line through the origin on which 
(2x) vanishes identically. 

Consider now any such line and assume for y (2) an arbitrary value at some 
initial point 2 = 2’ of the line. Unless ¥(2) vanishes over the entire line, 
we can take a point for which the initial value is not zero. Seek now to 
determine the form of y (2) on the line. 

For y = x we have 


(7) ¥(2r) = ¥\(x) 


since we may take y (0) = 1, precisely as in § 1. 
The formula 


(8) v(nx) =[p(x))” 


can now be established for positive integral values of n by mathematical 
induction. For assume it to hold up to a particular value of n. When 
y = nx, equation (C) gives 


Y (na) YP (x) _ [y (a) Pr? 
¥i(mn—1)z] [y(x)]@™" 
Hence (8) continues to hold when n is replaced by n + 1. 

From (8) we know (2) over the point set {na’}, (n = 2,3,---). Let 
x in (7) be now replaced by 2’/2. We get 


¥[(n+1)2]= = [y(x))or. 


x’ 
(9) ¥(S) =r, 
whence by repeatedly halving the argument we obtain 


= v( Fe) = eR. (m= 1,2, +++). 


In the successive applications of (9) to halve the argument any succession of 
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fourth roots can be chosen at the start, but ultimately the choice is restricted 
by the requirement that as 2x’/2” approaches the origin, ¥(2’/2™) shall 
approach the limit y(0) = 1. Hence when 2’ in (9) is replaced by x’/2”, 
we must select in the right-hand member for sufficiently large values of m 
that fourth root whose argument is most nearly equal to0. Then from and 
after some fixed value m = m’ the arguments of the successive fourth roots 
will be each a fourth of the preceding argument. Hence if we substitute 
x’ /2™ in place of x’ for our initial point but still denote it by 2’, all ambiguity 
in the determination of y(2’/2") will be removed. Then by (8) and (10) 
we have 


(=) = [W(a’)]o2*, 


Thus our function is uniquely determined over the dense set {na’/2”} on one 
half of the line, and a like determination for the other half results from the 
relation Y¥(— 2) = y(a). Being continuous, the function is thereby com- 
pletely determined, provided only the values obtained over the dense point- 
set are consistent with the requirement of continuity. 

To establish this consistency choose a value of ¢ such that e**” equals the 
assigned initial value and has the same argument. By substitution of e°™ 
for Y (2) in (C) it will be found that the equation is satisfied. The function 
e* also fulfills the requirement that when z is replaced by 2/2, its argument 
is divided by 4. We conclude therefore, that unless ¥(2) vanishes along 
the entire line, it must have the form e°’. 

Proceed next to the determination of the solution over the complex plane. 
Should ¥(a) vanish along one line through the origin and be of form e°™ 
on another such line, there would be two conflicting values at z = 0. Hence 
if (2) vanishes at a single point, it must vanish over the entire plane. As- 
sume now for ¥(2) arbitrary values different from zero at three initial 
points 2’, y’, x’ — y’ which do not lie on a common line through the origin. 
Its value at x’ + y’ is then determined by (C). By putting in this equation 
y=y,x=2'+ny (n=1,2,--+-) we determine ¥(2) successively at 
the points 2’ + (n+ 1)y’, and similarly at y’ + (n+1)2’. Equation 
(8) gives y (nx’) and y(ny’). Then placing y = 2’, x= nz’ + my’ (n= 1, 
2, --:) in (C) we get ¥ (2x) at all remaining points of form nz’ + my’. Its 
values at nx’ — my’ may next be found by replacing x, y in (C) by nz’, my’. 
Lastly, ¥( — na’ + my’) = Y(n2’ F my’). Thus ¥(2) is uniquely deter- 
mined over the periodic network + mz’ + ny’ in terms of its values at the 
three initial points. 

As before, equation (9) may be used to halve successively the initial argu- 
ments x’, y’ and x’ — y’, the choice of the fourth root in the right-hand 
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member being ultimately unique. If now for a sufficiently large value m’ we 
substitute 2’/2™, y’/2™, (x’ — y’)/2™ with the corresponding values of y 
in place of the initial points and values but retain the old notation 2’, y’, 
a’ — y’ for the new initial points, all ambiguity disappears. Then y(2) will 


be known uniquely over the dense set of points 
na’ n’ , 
Om — (m,n,m’',n’ =0,+1,+2,:°--), 


and therefore over the entire plane, provided that the values over this point- 
set are consistent with the requirement of continuity for y (x). 
To settle this question we will set up an actual solution of (C) which will 
take arbitrarily assumed values at the initial points. Put 
r=ut+w, 
and take for (2) = ~(u + iv) the function 


(11) gpm. 


in which the c; denote arbitrary constants, real or complex. By direct substi- 
tution in (C) it will be found that the functional equation is satisfied. Let 
e", e'*, e** denote the values assigned arbitrarily at the initial points 
zz =uy4+ my, y’ =U + im, and a’ —y’. 
The expression (11) will take these values if 
key = €, uy + C2 U1 1 + C3 %, 


ke 


C1 Uz + C2 Us Ve + C3 02, 


ks = cy (U1 — Uz)? + €2 (uy — U2) (01 — V2) + €3 (01 — 22). 
The determinant of this system of equations for c1, ¢2, ¢3 is 
| uj UY v; 


| uz Uy Vo v3 = (U1 % — 1 U2)’, 

| (uy — U2)? (1 — U2) (%1 — %2) (1 — %)? 
which vanishes only if u,; + 77; and ue + 7% lie on a line which passes through 
the origin. As this is contrary to hypothesis, the expression (11) can be 
made to take the required values. 

Besides our solution y (2) there is an equivalent solution, — y(2z). Thus 
the expression (11) and its negative gives the general expression for all continuous 
solutions of (C) except the trivial solution Y(x) = 0. If, in particular, the 
solution is analytic, it has the form y(x) = + e*. 

Trans. Am. Math. Soc. @ 
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The functional equation (C) comes a second time into the investigation 
when a common factor s(x) is sought by which ¢(2), ¥ (2) can be modified 
without ceasing to be a solution of (A). For let them be replaced in either 
equation of (A) by s(x) @(a), s(a)W(a) and divide the resulting equation 
by the same equation before the substitution. Thereby we obtain (C) with 
s(2) in place of (x). The division becomes impossible for both pairs of 
equations only if 


or 
(12”’) o(x-y)=0, platy) =0. 


Hence at most s (2) can fail to satisfy (C) only for exceptional pairs of values 
(x,y) which satisfy one of these pairs of equations. Now because of the 
periodicity of their roots neither ¢(z) nor ¥(2) vanishes over any region of 
the 2z-plane unless it vanishes everywhere. Hence in the vicinity of any 
exceptional pair (2, y) there are values for which (C) is satisfied by s(x), 
whence it follows by continuity that the equation is also satisfied for these 
exceptional values. We conclude therefore that ¢ (2x), (a) can be multiplied 
by a continuous common factor without ceasing to be a solution of (A) when and 
only when the factor is of form (11). 


3. SOLUTIONS WITH LINES OF ZEROS 


The case in which @(2) possesses one or more lines on which it vanishes 
identically can be quickly disposed of. Let a denote a zero lying upon the 
line of zeros through the origin. From (5) it follows that the ratio 


R(xr+al=¢ (r+ a)/P(x+ a) 


for fixed x must remain constant when a@ continuously describes the line of 
zeros. Consequently R?(2) remains constant when 2 describes any straight 
line parallel to the line of zeros, and this must likewise be true of R (2) which 
can not change sign abruptly 

For convenience suppose the line of zeros not to coincide with the real axis. 
If necessary, this can be avoided by a rotation of the plane around the origin 
which in no wise affects the form of (A). Then any solution in which ¢(2), 
y¥ (2) fulfill the above requirement of having a constant ratio on every line 
parallel to the line of zeros can evidently be constructed as follows. Start 
with its section ¢(u), ~(u) along the real axis and construct functions 
(2) , y (x) which coincide with this section along the real axis and are 
constant on every line parallel to the line of zeros. Clearly ¢(2), (2) 
satisfy (A). The solution can then be obtained by modifying these func- 
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tions by a common factor, which can only be of form (11). The zeros of 
(x), (2) on the real axis give rise to the lines of zeros. 

The following possibilities occur: 

(1) @(2) possesses only a line of zeros through the origin. 

(2) @(2) possesses a set of equidistant lines of zeros, while y(2) has no 
zeros. 

(3) Both @(z) and W(2z) possess a set of equidistant lines of zeros, the 
lines for either function being half way between two consecutive lines for the 
other function. 

The real solutions given in § 10 give rise to solutions of the 2d and 3d kinds, 
while (1) can be obtained from suitable unreal solutions. 

Since every solution with lines of zeros can be constructed in the above very 
simple manner from a section of some solution along the axis or other line 
through the origin, the case is essentially trivial and is solved when the other 
cases are solved. Hence it need not be considered further. 


4. THE NORMALIZATION OF THE SOLUTIONS 


It may be henceforth supposed that the zeros of ¢(2) form a discrete 
system, either simply or doubly periodic. Let a@ be a primitive zero, that is, 
one so situated that no zero lies in the segment (0, a). Place 


(13a) o(x+a) =t(x)d(z), 
where ¢(2) is a function to be determined. From (5) and (13a) we have 
(136) V(r~+ta)=+t(z)yY(z). 


A comparison of the last two equations shows that the sign in the right-hand 
member of the latter equation cannot vary with z inasmuch as ¢ (a + a)/¢(x) 
and y(2 + a)/p(2) are continuous except at the zeros of their respective 
denominators which do not simultaneously vanish. Then ¢(2) must be 
continuous over the entire x-plane. 

To determine ¢t(2) replace x by x + a in either equation of (A) and divide 
either resulting equation by the same equation before the replacement. 
By application of (13) we obtain in either case 


(14) t(a+ty)t(a#-—y) =F (2). 


The division fails only for values of the arguments which satisfy (12’) or (12’’), 
and the equation can be extended to these arguments also by a proper limiting 
passage, asin §2. Equation (14) gives 


t(2r)t(0) = #(2), 
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and hence on placing f (2) = t(2)/t(0) it can be reduced to the well-known 
form 


(15) f(a)f(2’) =f(r+2’). 


Any solution of this equation which is continuous along the real axis and 
does not vanish identically was shown by Cauchy to have the form e* along 
the z-axis, from which it follows that 


f(ut+w) =f(u)f(iv) = ere, 
Thus we have as the general solution of (14) 
t(z) =t(u+i) = cere’, 
in which c, ec’, c’’ denote arbitrary constants. 
Equation (13a) may now be written 
(16a) o(u + iv +a) = cere’? g(u + iv) 


with a corresponding equation (16b) for ~(uw+ iv). The three constants 
here are not independent but if a = a’ + ia’, are bound by the relation 


(17) c= — elee'tere”) 


obtained by putting u + iw = — a/2. 


Our equations (16) may now be normalized by using the property that 
(x), ¥(2) remain a solution of (A) when modified by an arbitrary factor 
of form (11). If ¢(2) is replaced by et’ (2), equation (16a) thereby 
becomes 


erPaluta” +ee(alofauta’a”) (yy + iv + a! + ia’’) = cet? 6(u + wv). 
Unless* a’ = 0, the arbitraries c;, c, can be so chosen that the exponential 


term on the right is canceled out. Then in consequence of (17) our equation 
reduces to 


o(utwta) = —gd(utie). 


Thus by normalization (16) may be thrown into one of two forms, either 


(18) o(xta)=—9(t%), Yl(xta)=—Yy(x), 
or 
(19) o(xta)=— (2), Ylrta)=y(z). 


In similar manner, if 8 is a primitive root of ¥ (2), we may place in accord 
with (6) 


* In which case we can obtain the same result by using e%“°*s"*¢ (zx). 
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o(x+B) =t(x)y(z), 
¥(x+B) = +t(x)o(z), 


in which ¢(2) denotes again a continuous function to be determined. If x is 
replaced by x + 6 in (A) and either equation after the replacal is divided by 
the other equation before the replacal, equation (14) is again obtained for ¢(2). 
Hence 


o(x +8) = bey (x), 
(20) (2 =ut+iw). 
¥(2+ 8) = + be™”” 6 (2) 
Here, as in (13b), the sign before b in the second right-hand member is inde- 
pendent of 2, and for like reason. From (4) we have ¢*(8/2) = (6/2), 
and hence if 8 = B’ + 78”, we obtain by putting x = — 6/2 


bt = e2(8/r+8/%2) 


By normalizing (20) in the same manner as (16), though not simultaneously 
unless a = 28, we may remove the exponential terms. Thereafter we have 


o(x+B8) =WW(2), 
(21) (It =1). 
¥(rz+B) = +/1¢(z) 
These equations are consistent for z = — 6/2 only if? = #1. By making 
a proper choice among the eight equivalent solutions they may be given the 
definite form: 


o(x+B)=y(z), 
¥(x+B) = — (2). 
The last pair of equations as well as the one immediately preceding gives 


o(x+28)=— g(t), Yle+28) = —y(z). 


From this it follows that equations (18) and not (19) must be chosen when 
a/2 is a root of ¥(x). Conversely, when (18) holds, a/2 must be a root 
of y (2), as is apparent on placing x = — a/2in (18). Thus the choice between 
(18) and (19) is settled by the presence or absence of a root of (x) at a/2. 

By means of our normalized formulas we may now derive a formula for 
@(2x). Suppose first that a/2 is not a root of ¥(2) so that (19) comes 
into play. Upon replacing 2, y, in (1) by + a/4,  — a/4 we get 


6($) oe) = #(. -*)v(2+F) 
(2+) (2 -%). 


(22) 


(23) 
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Also from (A) we have 


3 fz .a\,f2.a (x a\s 
+o(2+7)o({)-0(5+5)w (54%) -4(5+5) #4). 

3 sts  @itu1%.@ 0: 824 88 @ 
v(2+F)¥(¢)-#(5+3)¥ (+7) -#(G+5) #544): 
By the use of these we get for one factor of the right-hand member of (23) 


o(2+%2)y(2- 8) +0(2-%)o(2+%) 
sle)e(ayl’ Ge8)-# Ges) 


4 4 
™ [o(z-2)#(2+2)-#(242)¥(2-5)] 


- ¥(2)4(2)9(¥) 


6()¥(7) 


The other factor of the right-hand member by virtue of (19) is identical with 
the first factor, after x is replaced by x + a/2 in the latter factor. Hence 


we have 
a 
6($) ox ox 
piere  pcyeisia de whas®) 
#({)# (4) 


) 
| 


bol 


i 


IQ 


bo R 
bNolR 


But for x = a/2 equation (24) gives 


aaye(2) 204 
“ID adol 


so that the preceding equation takes the final form 


MIR wIlE 


5) 6($)v($) oz) = 26(2v(26(2+$)¥(2+$). 


The reader will observe the identity in structure with the familiar formula 
for the Jacobian function 3,(2z). It holds when a@/2 is not a root of y (2) 
and the normalization of the functions is made with reference to the root a. 
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Suppose, on the other hand, that 8 = a/2 is a root of y(2), and select 
from the equivalent normalized solutions one for which (22) is valid. Then 
by (22) we have 


(26) 6($)-v=1,  6(¢)=¥($), 
and by (22) and (4) 

(20) = ~¥ (2 +$) = -v(2+$)+o(2+4). 
By means of (26) and the relation 


$(2)¥(z) = 6(2)6(2+$) -#(2+¢)¥(9) -#(q)#(2+2) 


the last equation may be thrown into the form 


(27) vom = HOG) Leesa )elra)} 


When ¢? + y” = 1, this formula is identical in structure with that for sin 22. 





e 


¢ 


5. ON THE EXISTENCE OF ZEROS OF (2) 


The existence of a zero of y (2), and hence of a simply or doubly periodic 
system of zeros like that of (2), can now be established. 

Suppose first the zeros of ¢(2) form a doubly periodic network, and let 
a, a’ be a primitive pair of zeros. If a/2 is not a root of ¥ (2), we may make 
use of the normalized equation (25). For 2 = a’/2 this becomes 


0 o(¥)o(S)o(*42)o(*44). 


Hence y (x) must vanish at a’/2 or (a + a’)/2 if it does not vanish at a/2. 

When the zeros of ¢(2) form only a simply periodic system, the existence 
of a zero of ¥ (x) can be readily established in the following manner similar 
to that in which a zero was proved to exist for either (2) or ¥(2) in $1. 
Suppose, if possible, y (a2) to have no root. Then by (19) we have 


(28) R(z+a)=—R(z). 


Through a/2 and — a/2 in the z-plane draw two parallel lines, and denote 
by S a half of the resulting strip which lies to one side of the segment joining 
+ a/2. Consider the representation of S upon the R-plane effected through 
R(x). As seen in §1, it is impossible for R(x) to assume any of the 
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values + 1, +7 if ~(2) has no zero, and (B) has then always a sense. If 
R(x) should take the same value at two different points z, y of S, it would 
follow from (B) that either x + y or x — y would be a root of R(x) and 
hence would be equal to 0 or a multiple of a, which necessarily is + a when 
x,y lie in S. But clearly we cannot have x — y = + a@ because of (28), 
nor «+ y = 0 because R(— 2x) = — R(x). Hence R(x) will build the 
half-strip by a continuous 1-1 correspondence upon a simply connected 
region of the R-plane whose boundary passes through the origin. The other 
half-strip is built upon a like region which is the symmetrical image of the 
first with respect to the origin since R(— 2) = — R(a). A circle of radius 
a/2 about the origin of the 2-plane by the same reasoning as was applied to S 
will be built by continuous 1-1 correspondence upon a region inclosing the 
origin of the R-plane. Take in the latter region a circle C’ of radius € about 
the origin whose image will be a very small vicinity C of x = 0. Then |R(z)| 
by (28) can be equal to or less than e only when z falls in C or a congruent 
vicinity of one of the points x = + na. 

Denote the R-image of S by 8S’. Any segment parallel to the base of S 
and terminated by its parallel sides will be built upon some sort of a line of 
the R-plane whose terminal points lie without C’ and which by (28) are sym- 
metrically situated with respect to the origin. As the segment recedes to in- 
finity, either its image will sweep over a region which extends to infinity or 
there will be frontier points LZ of the region other than +1, +7. In the 
vicinity of any such point Z we can select within S’ a set of R-points with the 
limit L, for which the corresponding x-points recede to infinity. From these we 
can take two points R(x), R(y) arbitrarily close to L in such wise that |y| 
will be as large as we please relatively to |x|, and in consequence both |z+y| 
and |x — y| will be extremely large. If, furthermore, R(x) and R(y) are 
sufficiently close to Z and therefore to each other, it follows by (B) that either 
|R(x+y)| or |R(2—y)| may be made arbitrarily small. Accordingly, 
either x + y or x — y may be made to fall within C, or within a congruent 
vicinity of one of the points + a. But obviously this is impossible if both 
la + y| and |x — y| are very large. From this contradiction it results that 
S’ must stretcli out to infinity. Then it must contain points R(2z) such that 


1/|R(2)|<e, 


and hence points R(x), R(y) for which R(x) R(y) =1. It follows then 
by (B) that either R(2+y) or R(x —y) must be infinite. But this is 
impossible unless y(a2+y)=0 or Y(x—y) =0. Consequently the 
supposition that y(2) has no zero is untenable. Having one zero, it has a 
doubly or simply periodic set of zeros simultaneously with ¢ (2). 


Sane 














\ 
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6. THE ALLIED SOLUTIONS 


We seek next to find non-equivalent solutions whose first components ¢ (2x) 
differ only by a constant factor. 

Suppose ¢(2), ¥(2) to be any solution normalized according to (18) or 
(19). Then it may be shown quickly that 


42 
29) dx(2) “3() va(2) are = (2+$) 


is also a solution. For let these functions be substituted in (A) in place of 
o(x),W(x). The equations thereby become 


af @ a a 
#($)o(2+u+$)o(2-v+$) 


(31) 
= e(2+S)e(y +§) — $ (x) ¢*(y). 


The first of these passes into the second when z is replaced by x + a/2. It 
suffices then to verify the truth of the former. Now 


9 a a a 
o(=43)--6(-#5)o(--4) 


— #(2¥($) + #($)v@). 


The introduction of this expression and of the like expression for ¢? (y + a/2) 
into (30) converts it into (1). Accordingly (29) furnishes a solution of (A). 
It may next be shown that if a/2 is not a zero of y(x), then 


(x) v(=+5) 


(3) +) 


(33) 


also constitute a solution of (A). For by virtue of (19) we have 


@H) v(2+$)=0(2+$)u(2-$)-v@(§)-eme(§). 


If now the functions (33) are substituted in (A) in place of ¢(2), ¥(2), two 
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equations are obtained, of which the first becomes identical with (1) by the 
aid of (34). The second is 


v($)v(2+9+$)¥(2-9+$) 


- ¥(: +$)¥(y +$) + (2) ¢*(y). 


If x is here replaced by x + a/2, the equation reduces at once to (2) through 
the use of (32), (34), and (19). Hence (33) gives a solution, as stated. 
Seek next every possible solution 


(35) oi (x) =e,9(2), vi(x), 


having the same first component save for a constant factor ¢;. It should be 
carefully noted that this entire group of solutions is simultaneously normalized, 
inasmuch as a normalization of the ¢-component carries with it a normalization 
of the corresponding Y. But equation (18) may hold for one solution and 
(19) for another, and a corresponding remark applies to (21). 

By substitution of (35) in (1) and then by combination of the resulting 
equation with (1) we get 


¢* (x) _ ¢*(y) 
V(r)-Vilt) Ply) -Vily) 
As the arguments of the two members are independent, each member is a 
constant. Hence 


¥i(r) = P(x) + ki g(x), 


in which k; is a constant to be subsequently determined. Take now (29) 


as the primary solution, for which we have 


av a(3)-1. w(s)-0. «(3)-H(3) 


Our preceding equation becomes 
(37) Vi (x) = (2) + hi 62 (2) 
For x = a/2 this gives 


(38) ki = Wi ( 


6i(2 +$) +k? g(x). 


Qa 
2): 


If ¥;(2) vanishes at a/2, we have k; = 0, cf = 1 and obtain the primary 


solution or an equivalent solution. Henceforth it may be assumed that 
¥i(2) does not vanish at a/2 so that we have k; + 0 and also, by (19), 
¥i(a) =1. Then on replacing y by y; in (4) and putting z = a/2 we have 





ns, 











fy 
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(39) = kt — cf. 


If the functions (35) with ¢ (2) taken equal to ¢2 (x) are substituted in the 
two equations of (A), the first is satisfied regardless of the values of k; and ¢; 
in consequence of (37). If the second is squared and modified with the aid 
of (37) and (39), it becomes 


| o3(2+9+$) +k; si(2ty) | | #3(2-v+$) +ki si(2-v) | 
(40) = | 22(< +$)9i(y +£) + $3 («)¢3(y) 
+H loi(2rei(v+%)+ ee (2+$)] J. 


For x = y = a/4 this furnishes for kj the quadratic equation 


(41) ké+/2- Tax ke+1=0. 
w#i({) 


By a somewhat laborious calculation it will next be shown that either of 
the two values of’? will reduce (40) to an identity. Let kj be first eliminated 
by (41). Then the terms independent of k? will cancel by (31), (30), and (36)- 
Equating the coefficients of ki we have left as the identity to be verified, 


éi(e+u)di(2—y+$) + oil -y)¢i(2+u+$) 


e 2| ¢3(2+5) ei (a +2) +9326) | 
we -| 932) 43(¥ + $) + 6200002 (2+§)| 
“ ‘ “wai(®) {| ¢: (2)43(y +5 £) + 93(y)0i(2 +5 s)y 


— $;(4@ + y)¢3(% — y) . 
By (30) the last term reduces to 


- --4 * peteaaatne Hi sti +$). 
i 


t 
i 
s 
pan, 
= 
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To verify the identity we will eliminate the arguments of the left-hand member, 
introducing ultimately in their place the same arguments as appear on the 
right. To this end replace z, y in (30) and (31) by 4+ a/4,y — a/4. 
Then squaring, adding, and using the relation 


6i(2-$)=vi(2 +4), 


we obtain the left-hand member of (42) in the form 


| o:(2+$) +s (2 +2)]-[os(v+$)+vi(v+$)| 
~ 19i(2+$)vi(2+$)oi(u+%)vi(v+$). 


Now with the help of the third of relations (36) we have 


o(s)[o (+4) +#(2+9)] 
| (2+ $)¥ (4) - vi(et ) «:( 


(43) 


= :(2+$) 032) + 291($) 4: 
and also 


w(<43)n (oo) -0(<+8)a(eH2) 
= ¢3($) [vice - 63(2)1 = 9:(¢)| 48(2 + $) - oi |. 


By means of these two equations the argument x + a/4 and similarly y + a/4 
may be eliminated from (43), whereby it becomes identical with the right- 
hand member of (42). Thus (40) becomes an identity when k? is either root 
of (41), and consequently the second of equation (A) is satisfied by (35) after 
it has been squared. 

It remains to show that the last mentioned equation is also satisfied before 
being squared. Now this is obvious for x = y = 0, and when 2, y are con- 
tinuously varied, its two members must continue to remain equal so long as 
x,y do not pass through values which make the left-hand member vanish; 


i. e., exceptional values for which either 
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Vi(x+ty)=0 or Yi(x—y) =0. 


For fixed zx or for fixed y the values of y and z respectively which satisfy either 
equation form a set of isolated values.* Let x’, y’ be any pair of values for 
which neither ¥;(2’ + y’) = 0 nor ¥;(2’ — y’) = 0. Then by continuous 
variation it is possible to pass from x = 0, y = 0 tox = 2’, y = y’ without 
passing through exceptional values of x,y. For first, 2 may be held equal to 0 
(or a very small e) while y is varied from 0 to y’ in such manner as to avoid 
exceptional values, and then while y remains at y’, x may be varied in like 
manner from 0 (or €) to 2’. The second of equations (A) tien holds for 
x=2',y=y' before being squared and hence it is always valid. We con- 
clude therefore that for the two values of k; furnished by (41) the func- 
tions (35) will satisfy (A). 

It has thus been shown that with d2(2), Yo(x) we may ally two and only 
two solutions of form $;(x) = ¢:¢2(2), Wi (x), to which the indices i = 1, 
3 will be assigned. Four allied functions are thereby connected, as in the 
theory of the Jacobi 3-functions. From (38) and (41) we get 


(44) 1 =H = vi(F)vi($). 

Then from (37) and (44) it follows that 

(45) ‘oe vi (2) _A(s+3) 
¥; (¢ ) vi ( ) 


Furthermore, since every ¥(a) possesses zeros whose doubles are zeros of 
(2x) and since ¥ (2), ¥3(2)do not vanish at a/2, it follows that 2 (zx) 
must have two independent sets of zeros, + na and + na’. Then simul- 
taneously the three allied ¥;(2) have each a doubly periodic set of zeros, 
¥2(2) vanishing at a/2, a second at a’/2, and the remaining one by (45) at 
(a+a’)/2. 


7. THE SIMPLY PERIODIC CASE 


While in general there are three allied solutions, an exception occurs when 
the two rvots of the quadratic (41) are equal, namely when 


a 1 a i+1 
(46) e(f)-25, 45, 2° ft 


* As ¢i (2), ¥i(x) satisfy equations (2) when squared, the argument of §1 applies without 
change to show that the double of a root 6 of ¥i(x) is a root of ¢:(2). As the roots of 
$i (2) =; $2(2z) are isolated, the same must be true of the roots of yi (zx). 
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We have then k? = 1, ¢; = 0, and ¢;(x) =0 (7 =1,3). Thus two allied 
solutions degenerate, and by § 2 the function 


Ui(x) = 63(a) +¢:(2+2) = oi(2)+Ui(2) =1,3) 


becomes merely an expression of form (11). By the removal of this expres- 
sion as a common factor from $3 (2), ¥;(a), our last equation reduces to 


(47) l=¢(r)+¥P(z), 


where the subscripts are now discarded as useless. The preceding equation 
for ¥; (x) shows that the factor removed was one which remains unaltered 
when z is replaced by x + a/2. Its removal therefore in no wise affects the 
normalization (22) for ¢@2(2) and Y2(x) with respect to B = a/2, which 
accordingly survives for (2), ~(2x) in (47). 

By means of (47) the form of our functional equations (A) may be simpli- 
fied. By elimination of ¥* they become 


o(xt+y)o(x—y) = G(x) — #(y), 
vV(rty)¥(x—y) =1-—¢ (x) -— Py). 
The last equation gives 
¥ (2x) = 1 — 29? (2). 
Then by combination of the preceding equations and the substitution of 
x,yforz+y,2— y we have 


(D1) V(r)¥(y) — d(x) oly) =¥(et+y), 
whence it follows by the substitution of x + a/2 for z and by use of (22) that 
(D2) o(x)¥(y) + o(y)¥(t) =o(a+y). 


Thus for the special case before us (A) may be replaced by the familiar equa- 
tions (D), but with a restriction to be immediately specified. 
To obtain the general continuous solution of (D) place 


f(z) = (x) + 2p(2). 


Then (D) gives the equation 


f(at+y) =f(x)fly), 


of which the general solution (f (2) = 0 excepted) is 
f(ut+iw) =f(u)f (wr) = elite 
(2) + id (x) = eiittdw 
y (a) _- id (2x) _ etsetdy 


Hence 


(x =u+w) 





1916] CERTAIN FUNCTIONAL EQUATIONS 


and 
1 
o (2) _— 3 (ettee = et t4e ) ; 
(48) (x =utiv). 


1 
y (x) =5 (estar + ett de ) 


By substitution it will be found that (D) is satisfied by (48) regardless of the 
values of the constants, and accordingly (48) furnishes the general solution 
of (D). 

The condition (47) requires in addition that we make d; = — di, ds = — dz, 
which indeed expresses the necessary and sufficient condition that the functions 
(48) shall be the one odd and the other even. Then the familiar subtraction 
as well as addition formulas are fulfilled, and hence equations (A). Thus in 
the simply periodic case the general solution of (A), save for an arbitrary factor of 
form (11), ts expressible in the form 


o (x) -_ s (ets taw els e~ais+4)) , 


(49) 


1 _— 
V(t) =5 (etivtaw 4 p-(diutdae)) 


or as an “‘equivalent”’ solution. 

The zeros of ¢(2), (x) lie at the points for which e*”"**” is equal to 
+1 or —1 respectively. Put d,; = d; + id), d, = d; + id;. Then unless 
A =d,d; —d,d,; = 0, there will be a line through the origin on which 
o(x), ¥(2x) possess each a simply periodic set of zeros which alternate with 
one another. An exception occurs for any solution having A=0. Then 
there is a line through the origin along which @(2) everywhere vanishes, 
while ¥ (2) does not vanish at all unless d; = d, = 0. In this latter case a 
set of equidistant parallel lines exist along which ¢(2) everywhere vanishes 
(cf. §3) while Y (2) vanishes along the lines half way between consecutive 
vanishing lines for ¢ (2). 

In conclusion, it should be pointed out that not all the values given by (46) 
can be taken by ¢2(2). In fact, if we put x = a/4 in (47) we have 


$’ (a/4) = 1/2 


since ¥ (a/4) = ¢?(3a/4) = ¢?(a/4). Now the factor which was removed 
in passing from $3 (x) to ¢?(x) was one of form (11) which had the property 
of remaining unaltered when x was replaced by x + a/2 and hence, if 


a=a'+ia"’, 


it may be written under the form 














1} 
| 
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9 oO 
¢)(a’" u2—2a’a/ur+a’ v2) 
° 


é 


For u + iv = a/4 this takes the value 1. Hence only the first pair of values 
given in (46) is admissible for ¢2(2). The second set + i/ v2 gives the 
value of ¢(a/4) for certain equivalent solutions, while the third set is alto- 
gether to be excluded. We conclude therefore that the necessary and sufficient 
condition that a solution (x), ¥(a) shall have a simply periodic set of zeros 
is that the zeros of @(2) shall be discrete (i. e., not form continuous lines) 
and that the normalized function $2(2) = ¢(2)/6(a/2) shall have the value 
+ 1/2 for x = a/4, when a is the primitive zero of ¢(x) with respect to 
which it is normalized. The conditions are indeed necessary, for otherwise, as 
we have seen, there will be a system of three allied solutions, each with a 
doubly periodic system of zeros. 


8. THE DOUBLY PERIODIC CASE 


In § 4 the normalization of the solution was made with reference to any 
primitive root a of ¢(2). In the ordinary theory of trigonometric or #- 
functions this root has the position +. To this position a may be brought 
by an appropriate affine transformation of the z-plane with real coefficients: 


u’ = au+ be, (z24 ti), 


(50) pau ti, 
ve =cut+d. ee Te 


Any such transformation converts any four arguments z, y, r-—y, x+y 
into a like quadruple 2’, y’, 2’ — y’, x’ + y’, and hence the functions ¢(2), 
y¥ (x) after transformation satisfy (A). By such transformation there is con- 
nected with any one solution a family of essentially equivalent solutions 
which are merely the continuous distortion of that solution through affine 
transformations of the z-plane which leave the origin unaltered. In particular, 
with any analytic solution there is thus connected a family of non-analytic solu- 
tions. ‘There exist, however, non-analytic solutions of (A) which are not con- 
nected in this manner with analytic solutions, as for example those of § 3. 
In the simply periodic case of $7 it is easy to verify that when A + 0, the 
solution is reducible by a real affine transformation (50) to the form 


@(x) = sinpr, v(x) = cos pr, 
in which p is a constant, real or complex. Except for a factor (11) all solutions 
of §7 which do not fall under § 3 are therefore either analytic or the affine 


distortions of analytic solutions. It seems probable that the like is true also 


for the doubly periodic case. 
In considering henceforth the doubly periodic case we will suppose a primi- 
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tive pair of zeros brought by an affine transformation to positions a = 7, 
28 = i log gq on the real and imaginary axis respectively. In effecting the 
normalization of ¢(2) with respect to a in § 4 only a part of the arbitrary 
factor (11) was employed and we still have the liberty to modify (2), y(x) 
by a factor e*, which in no wise disturbs that normalization if a is real. 
Consider a solution ¢(2), ¥(2) for which B is a root of y(2). By the 
introduction of said factor the first equation of (20) becomes 


ecs(2B”0+8”) o (x + B) = bebe t Oar y (x) (B _ B’ ati ip’) ’ 
and hence by proper choice of c; we may bring (20) to the form 
o(r +8) =b'e"y(z), 
vV(r+B)=+)'e" g(z). 


Here b’, b; must be conditioned by the requirement that the two equations 
shall be consistent for x = — 8/2, which gives 


(51) 


Oni 
+b e-tileeat — _ 1, 


Replacing x in the first equation of (51) by 7 + a =2x+ 7 and then com- 
paring it with the same equation before replacement, we obtain with the 
aid of (18) or (19) either e"” = + 1 or e”” = — 1, and therefore b; = ni, 
where n is some integer, positive, negative, or zero. Equations (51) now 


take the form: 
z log eins 
6(=+' z ") = £52), 





gq 


(52) | inz 
v(et! 31) = FS8l2), 
or 
|  pinz 
6(2 $* 2) = an (2), 
(53) 





| ; pinz 
v(t! 1) = + nn O(2). 


The four alternatives offered by these two sets of formulas are realized simul- 
taneously by equivalent solutions of (A). 

When the functions are analytic, we cannot have n = 0, for then they would 
have 27 and 4: log q as periods, which is impossible for analytic functions 
everywhere finite. If n + 0, the form of our formulas may be simplified to 
accord with that found in the theory of the J-functions. Replace x by 2/n, 
and @(2/n),~(a/n), q" by ¢(2), ¥(2),q. Formulas (52) and (53) result 
with n now equal to 1. 


Trans. Am. Math. Soc. 3 
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It has been already noted that the allied solutions are simultaneously 
normalized. In particular, equations (18) hold for ¢2(2), ¥2(x) and (19) 
for ¢i(z), ¥i(z), (0 = 1,3). 


The theory of the 3-functions furnishes the following allied solutions of (A), 





(II) g(x) =— ae —— = Wer — €3) (e1 — @) e™™ o (u), 
0:(F) = (0) 
d2 (x) 


¥2(x) = In (0) = emer" g,(u), 


vy . 4 eas os een | o o 
(giz) = a = V(es — 1) (€s3 —@) em” o(u), 


d ‘ 
ti(z) = Sig) Sem oa(u), 


om Ji (x) = Vice — 0.)( ee — 62) om mnei2* 
(IIT) o3(t) =F 0) V(e2 — €1) (€2 — e3) € o(u), 
¥3(z) = Ses) = = em g2(u), 
95(0) = 0(3) 


where u = 2w; x. The substitution of these pairs of functions in (A) gives, 
in fact, six fundamental relations between these functions. Instead of re- 
garding these functions as an application of our theory, we may conceive 
I-III as defining four 3-functions in terms of our allied solutions. For the 
constants of our preceding theory we have the equivalents 


" 
82 (0) (0) n-v(2)- 28) 40 
“— ¥e ) 


a= 9(0)’ *~ via5(0)’ ~ #(0) v7 (0)’ 


Then by (44) we get 


The application of (39) gives then the fundamental relation: 


0;(0) = 0 (0) + 33(0). 


To make the relations between the #-functions thus defined identical with 
the ordinary #-relations it will be necessary to make a proper selection from 
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the three allied sets of equivalent solutions. The choice of ¢2 (x), ¥2(a) has 
already been made definite by the requirement that they shall be equal to 1 
at x = 7/2 and x = O respectively. For ¢; (2), ¥ (a) select the allied solu- 
tion which has a zero at 7 log g/2 and which satisfies equations of form (53) 
with the lower or negative signs in the right-hand members. As the remaining 
pair of allied functions take in accord with (33) 


bila) | vi(2+3) 


$3(z) = sivs(2) wer 


In consequence of the definitions I-III and our selection of allied functions 
we have 


,(2+3) - J2(2), 


— iq *"4 ein 9 (x) . 


5) r+3)= 03 (x), 
cm. 


i log ¢ : 
o(24+ B ") — iq-™* e**7 3, (2); 


where n = 1 when the ¢, y are analytic. Then by substitution of 2 + 1/2 
for x in the last two equations we get for n = 1 


i log ¢ 
do (« wm 2 ') as qil4 e* 33(2), 


- 


il ; 
s(2 +081) = gets ay (2), 


-_ 


For 2 = 1, 3 equation (37) gives 

(54) 3; (0) P(x) = 8 (0) d(x) + 3§(0) di (2), 
(55) 3; (0) 85 (x) = 35 (0) 83 (x) + ¥(0) 02 (2). 
The substitution of (II) in (25) gives _ 
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(56) 8 (0) 32(0) 33 (0) 3, (22) = 20; (2) 8 (x) do (zr) 83 (2), 
while from (4) we have 

(57) 8 (0) 9 (2x) = (x) — d(x) 

with corresponding formulas for 32 (2) and 33(2). 


These formulas apply irrespective of the analytic or non-analytic character 
of the allied solutions. For differentiation formulas see the close of § 9. 


9. A FUNDAMENTAL LEMMA 


Formulas (25) and (27) furnish the fundamental limit 


(58) ro ele 


" . R(2r) _ ‘ 

= un R(z) ~ 
The proof of these formulas was based on the existence of a root of ¢(2z) not 
at the origin, which was established on the hypothesis that ¢ (a), (2) exist 
over the complex plane. In the investigation of the real solutions the limit 
(59) is fundamental, and it will therefore be necessary to establish it without 
assuming the existence of the functions exterior to the real axis. 


and hence also 


For this purpose replace z, y in (B) first by 2 + a, x — a, then by 2/2+a, 
ax/2 —a, and divide the first resulting equation by the second. We obtain 


42 o( = _ 
R(2r) _ RY(x# +a) — R°(x —a) 1-R(F+a)R (5 «) 
R(x) (5 +a)-2(5-a) 1— R(r¢+a)R (2 -a) 


The limit of the second fraction on the right for x = 0 is 1, if a is any point for 
which R(a) is finite. Now by (B) we have 


re(5 a) - (5) 


+ R(x+a)R(a) = - ae 
1 — w($+a)r(5) 


(60) 


and therefore 


R(x +a) — (a —-a) 
R? (2/2 + a) — BR? (2/2 — a) 


1 w(S+a)+re(5-«)-e(5)I ] 


~ Ra)” . 1- (2) | 


, 
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in which the square brackets abbreviate expressions which need not be written 
down. If this value is substituted in the first fraction on the right of (60) 
and the limit is then sought for z = 0, we immediately obtain the limit (59) 
and hence also (58). 

A consequence of (58) is that the zeros of ¢ (2) must all be simple when it 
is analytic. For, the expansion 


o(2) = Apr +Ai2?+--- 


is consistent with (58) only if Ap + 0. The zero at the origin is therefore of 
first order, whence it follows by (5) and (6) that all other zeros of @(2) and 
yw (2) must be of first order. 

Regarding the differentiability of R (a) it may be noted that it is differenti- 
able over the entire axis or plane on which its existence is assumed, provided 
that it is differentiable at the origin. For from (B) we have 


R(x) — R(y) _ R(x +y) (1 — Riz) R(y)] Re —y) 





a—-y R(x) + R(y) e—y 


If now y approaches 2 as a limit, this gives 


Ae) Be (FE) 
z=0 


a 2R(x) 
Application to solution I gives with the aid of (56) and (57) 


8, (2) 31 (2) 
(Tre) _#coyaceyace) (| 
z=0 


dx —s (0) 83(0) 8 (2) \ dz 


Similar formulas hold for the derivatives of 3; (2)/82(x) and 3: (2)/33(2). 


dx 


10. DETERMINATION OF THE REAL SOLUTIONS 


In determining the real solutions of (A) we shall first seek real solutions of 


R(2) — FP 
~ Ra +9) Re - 9) = Fea)’ 


Independently of (A) this equation may be considered on the hypothesis that 
R (2) is one-valued and continuous on the real axis or over the complex plane, 
except at isolated points at which it becomes infinite. When R(z) = «, 
the value to be attributed to the right-hand member is, of course, the limiting 
value — 1/R?(y). This member loses significance only when 


Riz) =R(y)=+1. 


When for particular values of x or y either R(x + y) or R(x — y) becomes 
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infinite, their product must tend to a limiting value equal to that taken by 
the right-hand member of (B). 

By simple considerations it appears that R(2) is an odd function which 
vanishes at the origin. 

If R? (2) = + 1 for x = y, we have by (B) 


R(a+y)R(e#-y) = +1. 


Hence when we place y = x + 2y in (B), it follows that 2y is an infinity of 
R(a). The points at which R?(2) = + 1 are therefore isolated. 
Suppose z = a to be a root of R(x) and put y = x+ain(B). We get 


(61) R(xz+a) = R(x) 


except possibly for values of x which make R(2x +a) = ©. But then by 
modifying slightly such an exceptional value and passing in (61) to this value 
of x as limit, it follows that this equation is still valid. Hence a is a period of 
R? (a2). In consequence the zeros of R (2x) on the real axis or any line through 
the origin must be isolated, unless R (2) vanishes identically along the line. 

Similarly when z = @ is an infinity of R(x), puty =2+6in(B). We 
get 


R(z#+B) = 


1 
R?(2x)’ 


the equation holding by considerations of continuity even if R(a + 28) = 0. 
Thus 28 must be a period and a zero of R? (2). 

Let 8 be any infinity so situated that no infinity lies within the segment 
(0,8). The segment cannot contain a zero x = a, for @ is a period of 
R? (a2), and hence there would be an infinity within the segment. For any 
particular x within the segment we have either 


(62) R(x+B) = or R(x#+B) = 


1 
R(x) ~ R(x)’ 
The sign of the right-hand member cannot change within the segment because 
of the continuity of the function. Furthermore, for y = 8 equation (B) gives 


1 
R(x+B)R(x#-8B) = Fe(2)’ 


from which it follows that the same sign must continue to hold throughout 
the entire line joining x = 0 and x = 8. When F(z) is supposed to exist 
over the entire complex plane the same conclusion holds over the plane because 
R(x) is continuous except at isolated poles. Thus for given 8 one or the 
other of equations (62) holds independently of zx. 
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Let a denote a primitive root of R(2). For any particular x equation (61) 
gives either 


(63) R(a#+a) = R(2x) or R(a«+a) = — R(2). 


If a/2 is an infinity of R(a), the former equation is in force because of (62). 
If a/2 is not an infinity, then we can apply reasoning exactly like that of the 
preceding paragraph to show that for each a one or the other of the two 
equations (63) is universally applicable. 

Seek now to determine the real solutions of (B) by arbitrarily assuming 
values for R(2) at two initial points 2’, 2x’. Unless R(x) is constant and 
therefore everywhere 0, we can take an initial x’ for which R?(2’) + 0,1, @. 
If necessary, make a very small alteration in 2’ so that also R(2z’) + «. 
Then by putting x = 2’ and successively y = 22’, 32’, --- in (B) we determine 
the sequence R[(n + 1)2’], (nm = 2, 3, +--+), unless we come to a value 
n = n’ which makes R?[(n’ + 1)2’] equal to R?(2’) or to 1/R?(2’). When 
this happens, R(n’ 2’) is 0 or © so that one of the equations (62) or (63) 
respectively comes into play and n’z’ is a period or half-period. A com- 
parison of R(n’ + 1)2’ with R(2’) will show which of the two correspond- 
ing equations is to be selected. The equation then serves to carry on the 
sequence of values for R ( nz’ ) indefinitely. Thus R (2) is determined uniquely 
over the point set {nz’} in terms of the two initial values. 

When y is successively placed equal to 2x and 3z in (B), two equations are 
obtained between which R(3x) may be eliminated. If zx in the resulting 
equation is replaced by x’/2, the equation may be written: 





. Leet ~ eee) 
2)_ »(2)| R(x’) 


(64) nS +1=0, 


2 R? (2’) 
which serves to determine R(2’/2). This equation must not admit as root 
R?(2’/2) = +1, for then on replacing 2’ by 2/2" (m =1,2,---) we 
would obtain R?(2’/2") = + 1 in conflict with the limit (59). To exclude 
these values our initial values R(x’), R(2z’) must now be subjected to 


the restriction that they shall not be connected by the relation 


— 2R(2’ 
(65) R(2z') = 7 ent 


When the initial values satisfy the equation 


(66) Riav’) « i). 


1 + R?(2’)’ 
we obtain from (64) 
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2’ 2 
or(3) 


R?(2z’) = 





14@(3) 


and only then. When therefore the initial values satisfy either relation of 
(66), they must continue to satisfy the same relation when 2’ is replaced by 
x’ /2™, since otherwise the impossible relation (65) will be encountered. With 
this understanding (65) will be avoided when the argument is successively 
halved. : 

Select now some one of the roots of (64) as the value of R(2’/2) and do 
the same when 2’ is successively replaced by 2’/2" (m = 1,2,---). The 
choice of root is ultimately restricted by (59). Now the roots of (64) form two 
pairs, those of either pair being the negative of one another and the reciprocal 
of those of the other. Since R(0) = 0, the choice of roots is ultimately 
restricted to the smaller pair, and finally for sufficiently large m to a definite 
one of this pair because of (59). Let this be for m = N. Then if the initial 
x’ is replaced by x’/2”, as we shall now suppose, and if the notation z’ is re- 
tained for the new initial point, the determination of R(2’/2") (m = 1, 
2, ---+) will be unique. 

By combination of preceding results R(x) is determined uniquely in 
terms of the initial values over the dense set of points {nz’/2™}, (n,m, = 1, 
2,---). The result can be extended by the equation R( — x) = — R(x) 
to the other half of the line connecting x’ with the origin. It remains for 
subsequent consideration whether the set of values thus obtained is consistent 
with the continuity requirement for R(z). 

As yet the requirement of reality has not been imposed. Suppose hence- 
forth the initial points and values to be real. Then R(nz’) is real, and it 
remains to examine under what conditions R(2x’/2”) will be real. Clearly 
we obtain positive values for R?(2’/2) from (64) if and only if 


B22), 


R(2’) [1 — R*(2’)) +2 = 2R(2’)*. 


When |R(2x’)|> 1, this may be written 


: a R( 22x") _ 2 
(67) R(x’) ~1+ R(2’) 
Thus the ratio 


(|R(2’)|>1). 


| R(22’) 
q(2’)= R(x’) 
should be negative for |R(a’)|> 1. 
If | R(a’)|< 1, we have 
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9 
(68) q(2') = -i >Re) (1 Biz’) | <2). 


Suppose henceforth that the initial values meet these conditions and seek 
whether they continue to fulfill them when 2’ is replaced by 2x’/2. Three 
cases will be distinguished, which with the transition cases cover all possibilities 
for the initial values. 

Case 1. 

2 
IR(@’)|< 1, la(®) |< TRG: 

If (64) is written 

69 = 2+ a(x) (1-R#)] =e (F) [14+ e(F)] 


and is then combined with the second of the inequalities, we obtain 


H()[r+m(s)]<+-2"(2)e(2) 


whence follows 
o( 


Moreover, we must select for R(2’/2) a root of (64) having an absolute 
value less than 1, since the condition (67) cannot be met when 2’ is replaced 
by 2’/2. With this understanding both inequalities of case 1 will continue 
to be fulfilled when 2’ is replaced by 2x’/2. 

Case 2. 


~ 


to] ® 


2 
sm 
| 5) 


1+ e(S 


2 2 
i — Re) > 91> TE ReaT 
First suppose |R(2’)|< 1. Then q(z2’) is positive, as otherwise (68) is 
not fulfilled. We can now combine either the first or second inequality 
of case 2 with (69) in the same manner as in case 1 and thereby obtain like 
inequalities with 2’/2 in place of 2’. 
Next suppose |R(2’)|>1. Then q(2’) is negative, and (69) may be 


written: 
2 +1a(2’)|- (Re) 11 = ¢(F)f1+e(F)]. 


The combination of this with the first inequality of case 2 gives in the same 
manner as before 


| (a’\| 2 
oid 1 — Fe ) 
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The other desired inequality for |q(2’/2)| is obtained immediately by addi- 


tion of 
ae (5) (FZ) = 2K*(2’) >2 


2’ 2’ z’ a’ 
e(>)[ ? (5) | ai 2# (5) (5) silos 


Thus the inequalities characteristic of case 2 continue to be satisfied when 2’ 
is replaced by 2’/2. 

The choice of root for R (2x’/2) in (64) is restricted by the requirement that 
q (.v’/2) shall be positive or negative according as |R(2’/2)| is less or greater 
than 1. 

Case 3. 


9 


1 — R(2’)|" 


lq(2’)|> | 


This case may be handled in the same way as case 2. 
7 . 
In addition to these cases we have the following transition cases: 


Case 4. 


q(2’) = ———. 
Ue) = TER’) 
Case 5. 

z’) =—; P 

10) = 7 Ra’) 
As already pointed out, these conditions are conserved when 2’ is replaced 
by 2’/2 and they are realized by the hyperbolic and trigonometric tangents of cz . 
The conditions characteristic of the several cases have thus been shown to 
be conserved when 2’ is replaced by 2’/2™, and conversely they must be 
conserved when 2’ is replaced by 2" 2’. We will now prove that cases 1-3 
for given initial values of R(x’), R(2z’) can be realized through our Jacobian 


quotients. 
Consider first the solution (I). By (54)-(57) we have 
gti(t) 8(0)8(0) d2(x) d3(x) 
Oi(2r) A(x) ~— 2 (0) 03 (0) B(x) D(z) 
o(2r) ve (a). 3? (x) 
1--~, 1 ; 
(70) 9 (x) + 9? (z) 


once) V(t~ Ee) (1 - Hee) 


~1— R(x)" 1+R(z) ” 


R(2x) = 


which we have now introduced the constants 
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_ 92(0) > OCD 
vi = 550)" We = 5°00) 


which we suppose real. The real function 


vy (x) 
d(x) 


R(z) = = vk sn v (v = 8 (0) 2) 
is periodic and takes all values between Vk and — vk. If & is taken suf- 
ficiently large, there will be a set of points at which it takes an initial value 
R(2’) assigned under case 1. By replacing x by cx any one of these points 
may be made to coincide with the initial point x’. The position of x’ on the 
real axis is therefore immaterial and need not be taken account of further in this 
and succeeding cases. 

Put now x = 2’ in (70) and then let & vary continuously from |R(2’)| tol. 
Then the radical in (70) varies from 0 to 1 — R?(2’), and correspondingly 
|q¢(2’)| varies between the limits characteristic of case 1. Hence | R(2z2’)| 
for given R(2’) can be made to take any assigned value consistent with case 1 
by proper choice of k. At the same time R(2z’) can be given a positive or 
negative sign at pleasure since upon replacing 2’ by — (2’ + 7) we have 


— (a +7) 51(2’) 
O(a’ +7) = 8(2’) 


R(— 22’ — 27) = — R(2z2’). 


R(-2’-—7) = = R(z’), 


Thus any initial values consistent with case 1 can be realized through our 
d-quotient. 

The curve y = 3;(2)/8(2) has the essential characteristics of the sine 
curve,* consisting of a series of congruent arches alternately above and below 
the real axes which have their maximum amplitudes at the mid points of the 
arches. For a given value of R(x’) = 3,(2’)/d(2’) there are two sets of 
points 2’ periodically spaced, and for each point of one set R(2z’) can be 
made to take the given initial value by varying k. Whether the point varies 
in position or is kept in statu quo by replacing x by cx and varying c and k 
simultaneously is immaterial. Now in case 1 when formula (64) was applied 
to obtain in succession the terms 


- a’ 2’ 2’ 
(71) n(), r(4), n(2), 


just two values were possible for each member after the preceding ones had 
been fixed. These two values differed in sign but ultimately the sign in the 
sequence (71) becomes invariable because of the existence of the limit (59). 


* Cf. Krause, Theorie der elliptischen Funktionen, pp. 68-69. 
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To every possible succession of signs in (71) consistent with this requirement 
there corresponds a point of one of the two periodically spaced sets of points 
above. Precisely as in the case of the sine function when sin 2’ is given, and 
for the same reason, every possible succession of signs in (71) is realizable by 
appropriately selecting 2’ from our two sets of points. It follows therefore 
that through the Jacobian quotient (I) case 1 can be completely realized, and 
no further restrictions upon (71) are necessary than those which have been 
already discovered. 
For the solution II we obtain in like manner by placing 





R(x) = Suey 
Bo (0) 32 (0) d(x) 33 (x) 
R(2 = 2R(x) 8 (0) 3 (0) do (x) do (2) 
(38) = Ta) 1+ R?(zx) 
on F(z) 
 oR(e) Vise R (z)) (1 +p ) 
~ 1 — Riz) 1 + R(x) 


The zeros of 3;(2) and #(.2) are simple and alternate with each other along 
the real axis. There must therefore be a set of points 2’ on the real axis for 
which our periodic quotient R(a) assumes any assigned real value R(2’). 
If now for fixed R (2) we allow k’ to vary from 1 to 0 in the above equation, 
the radical will vary from 1 + R?(x2) to ©. The limits for |q(2’)| are 
therefore the same as in case 3, and hence the initially preassigned value for 
|R(22x’)| can be attained simultaneously with R(x’). Now in case 3 the 
sign of R(2z’) must be such that g(a’) = R(22’)/R(2’) is positive when 
|R(2’)|< 1 and negative when |R(2’)| > 1. From the theory of the v- 
functions, it is easily verified that as 2 increases from 0 to 7, the quotient 
R(x) = 3: (2)/d.(x) increases from 0 through R(7/4) = 1 to o, then 
from — ~ through R(37/4) = — 1 to 0. Correspondingly ¢(2) increases 
from 0 to g(7/4) = © and thence through negative values to q(2/2) = 0, 
while from 72/2 to 0 it passes through the same cycle of changes in opposite 
order. Hence the proper sign of R(2z’) can be realized. Thus any initial 
values for R(x’) and R( 2x’) consistent with case 3 can be realized through 
the J-quotient (II). 

It remains to see whether every possible sequence of values (71) resulting 
from the initial values through the use of (64) are realizable through our 
J-quotient. Now both in cases 2 and 3 there were two possible choices for 
any member R(2’/2™) of (71) after the preceding members have been fixed 
by use of (64), and these two differ in sign since the ratio g(2’/2™) of two 
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successive members of (71) is positive or negative according as |R(2’/2™)| 
is taken less or greater thanl1. The graph of R(x) = 3:(2)/d2(x) has the 
same general character as that of tanz since R(x + 7/2) = —1/R(2). 
For a given value of R(x’) there is a periodic set of points 2’ + nz, for each 
of which the initial values can be realized by variation of & in the manner 
already explained. As in the case of tan 2’ and for the same reason all possible 
choices of sign in (71) can be realized subject to the condition that all terms 
shall ultimately be of same sign. Thus case 3 can be completely realized 
through the #-quotient (II) and with no further restriction upon (71) than 
has been already laid down. 

The solution III makes R(a) = 3:(a)/ Vi 83 (a), and correspondingly we 
have 

33 (0) 33(0) d(x) de (2) 

2R(x) _9(0) d2(0) ds (x) Is (2) 








R(22) = T(z) —SaA —« Pa) 
tk’ 2 
RC) AG+E Re ) )(1-pRe) 
=T+ F(z) 1 — R2(z) 


Real values for R (x) along the real axis are no longer obtained if the Jacobian 
constants q,k, k’ are real, but it will be now shown that if £, k’ are conjugate 
imaginaries, there will be a line through the origin on which R(z) is real. 
Place k’/k = e** so as to make R(2z) real when R(x) is real. Then since 


i(k/k’ — k’/k) = 2 sing, 


the radical will vary with @ between the limits 1 + R?(2) and 1 — R?(2). 
Thus the limits for |q(2)| are those given by the inequalities of case 2. 
The integrals 
dx K' = dx 
V1 -2)(1-F2*)’ Yo V1—a2?)(1—k? a?) 
are conjugate imaginaries and the real part of K’/K is positive.* Then 
q = e-**® is a complex imaginary with an absolute value less than 1 so that 
the usual series defining 3; (2), 33(2) have a significance. If 


mr P a alee 
7 = 1K'/K =e", 


we get by well-known formulas for transformation 


* See for emungle Schwarz’s Formeln und Lehrsdtze zum Gebrauche der elliplischen Func- 
tionen, p. 32. 
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1 1 - ace 
—0,(4,7) ==0(a4,7 +1) = — Vir’ eo" 3, (a7’, — 7’), 
-, Vi v 
(72) oad 
03(2,7) = 0(a,74+1) = — Vir’ eo" 82 (ar, — 7’), 


in which 
_ 1 _1 i sin 6 
~o¢+il 2 2(1+ 0085)’ 


Since sin 6 is positive, q’ = e—'"” is a pure imaginary having a modulus less 
than 1, and the ordinary series apply for 3;(a7r’, — 7’) (¢ = 1, 2) with q’ 
in place of g. For real values of the argument 27’ these series are real save 
for a factor Vq’ common to both series. Hence the quotient 


0:(z,7)  &(27', — 7’) 


R(x) = Vio3(2,7)  92(27’, — 7’) 


is real along the line through the origin on which 27’ is real. Now the zeros 
of 3;(u, 7) and d(x, q) for real values of u and all values of |q|< 1 alternate 
along the real axis, being situated at uw = nz and u = (2n +1)7/2. Case 2 





can now be discussed exactly as case 3 with like conclusion. 


on (3) 
1+ (5) 


makes |R(2’)|< 1 and necessitates also that R(2’) and R(2’/2) shall be 
of like sign, and therefore also all terms of (71). The determination of R (2) 
is unique when F#(2’) is given and is realized through + tanh cr. Case 5 is 
very similar to cases 2 and 3 and is realized through + tan cz. 


In case 4 the relation 


R(z) = 


It is noteworthy that all the real solutions are analytic, being expressible in 
terms of J3-functions or their degenerations. 

From the real solutions of (B) those of (A) can be quickly obtained. We 
have only to effect one resolution of each solution of (B) into real components 
satisfying (A) and then to multiply these components by a common arbitrary 
factor of form (11), with or without change of sign of either component. For 
cases 1 and 3 a real resolution is afforded by (1) and (II), the characteristic 
constant q in the J-functions and ge, g3 in the o-functions being real. The 
real factor e~*™*” can also be dropped, being of form (11). In case 2 the 
constant q is unreal and the resolution offered in III or (72) is not real. But 


3, (cx, iq) Jo (cx, iq) 


=’ = d ] 
o (2x) 82(0, iq)” v(x) 32 (0, iq) (can ae 


and 
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o(x) = Ver —e3)(e2—e1)o(er), p(x) =o2 (cr) 


afford real resolutions, it being understood that the constants go, g3 of these 
o-functions are real with negative discriminant so that the quasi-periods 
2w,, 2w3 are conjugate imaginaries. 


11. SOLUTIONS FOR THE COMPLEX PLANE 


Consider now equations (A), supposing the functions which they contain 
to be analytic over the complex plane and hence to be entire functions. The 
form of ¢(2), ¥(x) was ascertained in § 7 when their systems of zeros are 
simply periodic. We need therefore only consider the doubly periodic case. 
Let a, a’ be a primitive pair of zeros. We will take the positive real axis 
through the one or the other of these points, so making our choice that the 
other zero is made thereby to have a negative coefficient for its imaginary 
part. By replacing x by cz the real zero can then be made equal to 7. If 
the other zero is denoted by 7 log q, the absolute value of q will be less than 1. 
As shown in § 9, the zeros are of first order. Form now in terms of q the 
familiar infinite products for 3;(2), 3 (x2), d2(x), d3(2). Then we have 
in I-III three solutions ¢;(2), ¥:(2) whose zeros occupy the only possible 
positions for the three allied solutions. Any other entire function whose 
zeros have the same positions as those of ¢;(a) or ¥;(2) can differ from it 
only by a factor of form e*™ , in which G (x) denotes an entire function. Con- 
sider now any pair of functions e™ ¢; (a2), e@™ y; (a), which give a solution 
of (A). In accordance with (16) their quotient R(a2) must admit 27 and 
27 log gas periods. But ¢;(2x)/y; (a) by construction possesses these periods, 
and consequently e““)-“@ must be doubly periodic. Being also an analytic 
function without infinities, this exponential must be a constant. Now any 
solution of (B) ceases to be a solution when altered by a constant factor 
unless the factor is a fourth root of unity. Hence 


G Me Ge 
e 1(z) — wW4 e “(z) | 


where w, is a fourth root of unity. Thus our pair of functions differ from 
o:(2), (x), or an equivalent solution, only by a common factor which 
as such must be of form (11). Being also analytic, this factor is e*. Except 
therefore for such a common factor, the components of any analytic solution 
of (A) with a doubly periodic system of zeros are expressible in one of the forms 
I-III in terms of 3-functions (with x replaced by cx) , or as an equivalent solution. 

Pass now to the consideration of analytic solutions of (B). While to analytic 
solutions of (A) there correspond analytic solutions of (B), the converse is 
not evident without study. For the case of a doubly periodic system of zeros 
a comparison of any solution of (B) with a corresponding quotient of 3-func- 
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tions possessing the same zeros and infinities does indeed serve to establish 
their identity save for a constant factor, but a corresponding basis for a like 
conclusion in the simply periodic case is not apparent. We shall proceed as 
follows so as to cover simultaneously both cases independently of any con- 
sideration of (A). 

An analytic solution of (B) is determined by its section along a line through 
the origin. It has been seen that the latter is fixed by the values of R(x) 
at two initial points 2’ and 22’ upon the line. A unique function is not thereby 
determined owing to the choice of roots offered for R (2/2) in (64), but the 
choice becomes definite when z is sufficiently near to the origin. Consider 
now any particular analytic solution R(2) and seek to determine a function 
f(x) = d& (ex, 7)/8 (ex, q) which will agree with R(x) over a set of points 
2x", a’’, x’ /2, --+ and therefore over the line on which they lie and over the 
entire plane. 

First substitute the given initial values R(2z’) and R(2’) in (70). The 
equation can then be solved for k + 1/k, giving two values of k with product 1. 
Take for k one of the two values not exceeding 1 in absolute value. The param- 
eter q of the #-functions is expressible as an ordinary power series in k whose 
coefficients are positive and have a sum equal to unity.* The series converges 
for |k|= 1 and makes |q|=1. If k = 1 or — 1, the functions tanh cx and 
tan cx respectively are to be substituted in place of 3; (cxr)/3 (cx). Other- 
wise we have |q|< 1 so that the ordinary series for 3;(2) and #(2) as fune- 
tions of x and q apply. In this manner q is determined so as to accord with 
the initial values. 

When (70) is combined with (64) so as to eliminate R( 22x), we obtain an 
equation between R(a2) and R(2x/2) exactly like (70), except possibly for 
the sign of the radical, and containing the same value of k+1/k. The 
value of g continues therefore to correspond when 2’ is replaced by 2’/2”. 
Consider now the sequence 


R22’), Ria’), R(2'/2), 


As already explained, each term after the first two is uniquely derivable by 
(64) from the twe preceding, provided that 2’ is selected sufficiently near to 
the origin, as will be supposed. A like remark applies to a similar sequence 
formed for the solution f(2) = 3;(2)/8(2). Now a sufficiently small 
vicinity of x = 0 will be built by f(a), or the two above degenerate func- 
tions, with continuous 1-1 correspondence of points upon a vicinity of the origin 
of the f-plane. If m is sufficiently large, R(2’/2”) must fall in this vicinity 
and hence there is a point 2” such that f(a”) = R(2’/2™). By a proper 
substitution of cx for x in f (2) the point x” may be made to coincide with 


* Cf. Schwarz, loc. cit., p. 54. 
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x’/2™. If furthermore m is sufficiently large, x’ will lie so close to the origin 
that f (2x”’)/f(a”’) and R(22”)/R(2’’) in accordance with (59) will both 
be very nearly equal to 2. Since also f(2z2’”’) and R(2z’’) can both be 
obtained from f(2’’) = R(2’’) by the same equation (70), we must have 
f (22) = R(2z"). Agreeing then at the two points x’, 2z”’ the two tunc- 
tions must also agree over the set 2’’/2, x2’/4, --+ and hence over the line 
through the origin containing these points and over the complex plane. Thus 
any analytic solution of (B) is found to be identical with some function 


di (cx, q)/d (ex, g) 


or with one of its degenerations. 

In conclusion, we will make a few incomplete remarks regarding the solution 
of (B) when R (2) is not analytic but merely fulfills the continuity assumptions 
of §10. The solutions depend upon three parameters, which we assume to 
be the values of R(x) at three initial points x’, y’, 2’ — y’ which do not lie 
on a common line through the origin. Assume arbitrarily these values, avoid- 
ing for convenience the values 0, +1, +7, «. Then by use of (B) the 
function R(2) may be determined over the dense network 

nz’ —s ny’ ee 

+ om + Sm7 (m,n,m’,n’ =0,1,2,---). 
It does not, however, appear under what conditions the various sets of values 
thus obtained are consistent with the requirement of continuity. For a given 
solution its determination by specification of its values at three initial points 
will be unique, provided these values are sufficiently near to the origin. From 
a variety of loose considerations it seems altogether likely that all non-analytic 
solutions, so far as they do not fall under the somewhat trivial case of § 3, 
are merely affine distortions of analytic solutions, exactly as established in the 
simply periodic case. If, however, this is not the case, then there are other 
non-analytic solutions obeying the same general laws as the #-functions. 


UNIVERSITY OF WISCONSIN, 
July, 1915 


Trans. Am. Math. Soc. 4 








A SET OF FOUR INDEPENDENT POSTULATES FOR 


BOOLEAN ALGEBRAS* 
BY 


B. A. BERNSTEIN 


In these Transactions, October, 1913, Sheffert presented the 
following set of independent postulates for Boole’s logic: 

I. There are at least two distinct K-elements. 

II. Whenever a and b are K-elements, a|b is a K-element. 

Definition. a’ = ala. 

III. Whenever a and the indicated combinations of a are K-elements, 
(a’)’ =a. 

IV. Whenever a, b, and the indicated combinations of a and b are K- 
elements, a|(b|b’) = a’. 

V. Whenever a, b, c, and the indicated combinations of a, b, and ¢ are 
K-elements, [ a|(b\c)]’ = (b’\a)|(e’\a). 

This is the most economical set of postulates that has so far been proposed 
for Boolean algebras. Not only is the number of primitive propositions 
considerably smaller than that of the smallest sett of previous date—five 
instead of nine—but also the special elements “zero,” the “whole,” and the 
“negative” are all defined and their properties deduced. This economy Dr. 
Sheffer effected by basing the algebra on the powerful operation of “rejec- 
tion,” |.§ Choosing the primitive ideas that Dr. Sheffer chose, I give below 
a set of four independent postulates from which his five Postulates I-V are 
sasily deduced. 


NEW SET OF FOUR POSTULATES FOR BOOLEAN LOGIC 


If we take class K and operation | as primitive ideas,|| Boolean logic can 
be deduced from the following postulates: 


* Presented to the Society, August 3, 1915. 

+t H. M. Sheffer: A set of five independent postulates for Boolean algebras, with application to 
logical constants, these Transactions, vol. 14 (1913), pp. 481-488. 

t Professor E. V. Huntington’s. See his Sets of independent postulates for the algebra of 
logic, these Transactions, vol. 5 (1904), pp. 288-309. See also the writer’s A com- 
plete set of postulates for the logic of classes, etc., University of California Pub- 
lications in Mathematics, vol. 1, no. 4, pp. 87-96. 

§ Interpreted concretely, the ‘‘reject’”’ a|b may be read: ‘that which is neither a nor b.” 

|| The symbol “ =” is not taken as a primitive idea. By a = b, we agree to mean that 
a and b can be interchanged. 
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P,. K contains at least two distinct elements. 

P,. If a, b are elements of K , a\b is an element of K. 
DeriniTion 1. a’ = ala. 

P;. If a, b, and the combinations indicated are elements of K , 


(bla)|(b’\a) =a. 
P,. If a,b,c, and the combinations indicated are elements of K , 
a’|(b’|c) = [(bla’)|(c’|a’)V. 
The following system satisfies all the Postulates P;-P;, and thus proves 


these postulates to be consistent: 
K = aclass of two elements ¢;, ¢2; ¢;|e; = the element given by the following 


“rejection” table, 
| (€1 2 


€1\@2 @ 
@2\|@1 @1 


THEOREM 1. (a’)’ =a. 
For, in Py, letb =e =a. Then, by Definition 1 and P3,* the left member 


becomes 
a’|(a’|a) = (ala)|(a’|a) =a; 
and, by P3, the right member becomes 
[(ala’)|(a’|a’)]’ = (a’)’. 


DEFINITION 2. a” = (a’)’. 
THeorEM 2. a|(b|b’) =a’. 
For, by 1, Py, 1, and P3,t 


a|(b\b’) _ a’’|(b’’ |b’) aia [(b’\a’’)|(b" \a’”’) J’ — [(b’|a)|(b” a) ]’ _ a’. 

TueorEM 3. [a|(b|c)]’ = (b’|a)|(e’\a). 

For, by 1, Ps, 1, 1,7 
[a|(b\e)]’ _ [a’’|(b’\e)]’ said [(b’|a’’)|(e’ la’) )” 

= [(b’|a)|(c’|a)]” = (b’|a)|(c'|a). 

Since Sheffer’s Postulates I, II are identical with Postulates P;, P2, and 
since Postulates III, IV, V correspond respectively to Theorems 1, 2, 3,—all 
of Sheffer’s postulates, and hence all of Boolean logic, can be deduced from 


Postulates P;-P;. Indeed, the two sets of postulates are equivalent; for 
propositions P,—P, can also be derived from I-V, as may be easily verified. 


* The use of P; and P; will not be indicated. 
t The use of Definition 2 is not indicated. 
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INDEPENDENCE OF THE FOUR POSTULATES 


The following systems P,-P, are such that P; contradicts none of the 
Postulates P,;-P, except P;, thus showing the independence of P; from the 
rest of the postulates. 

P,. K = a class of one element e; ele = e. 

P,. K = a class of two elements ¢;, ¢2; e;\e; is given by the following table: 


| 

| |e €2 
—|——— 
a ti Zz, 
@2|r ey 


where zisnotin K. Pz is false for a + b. 
P;. K = a class of two elements ¢;, ¢2; e;|e; is given by the following table: 


| | é1 2 
[Zl Q, @y 
€2 | @2 @ 


Here P3; is false for a = e,, b = es. 
P,. K = a class of two elements ¢1, é2; e;|e; is given by the following table: 


lle: és 


€1 | ey @2. 
€2\|@, @2 


Here P, is false for a = e,, ¢ = é2. 


UNIVERSITY OF CALIFORNIA, 
May, 1915 














TRANSFORMATIONS OF SURFACES 9° 


(SECOND MEMOIR) 
BY 
LUTHER PFAHLER EISENHART 


In a former memoir{ we developed a theory of transformations K of conju- 
gate systems with equal point invariants into systems of the same kind. 
Subsequentlyt we considered the case in which the lines joining corresponding 
points on two surfaces in the relation of a transformation K form a normal 
congruence. These surfaces, being of a particular kind, are called surfaces C. 
We have shown that there are transformations of the K type, denoted by 
Ky», which transform a surface C into surfaces C. The surfaces S, orthogonal 
to these normal congruences, are the surfaces 2 discussed by Demoulin.§ 
We showed that there exist transformations A,, of S into surfaces S;, such 
that S and a surface S; envelope a two-parameter family of spheres, and in 
the correspondence between S and S, thus established lines of curvature 
correspond. In the present memoir we extend our investigations concerning 
these transformations A,,, and more particularly apply the results to certain 
types of surfaces 0. 

Transformations A, belong to the general class of transformations of 
Ribaucour, and in the first part of the paper we put the equations in a form 
possessed by all transformations of Ribaucour. 

Guichard discovered|| a class of surfaces possessing the following charac- 
teristic property: If S is such a surface, there exists an associate surface S, 
such that the lines of curvature on the two surfaces have the same spherical 
representation, and the principal radii of curvature pi, p2 and pi, ps of the 
respective surfaces are in the relation 


pi p2 + p2 pi = const. + 0. 

* Presented to the Society, December 28, 1915. 

t These Transactions, vol. 15 (1914), pp. 397-430. This memoir will be referred 
to as Mi. 

t These Transactions, vol. 16 (1915), pp. 275-310. This memoir will be referred 
to as Mo. 

§Comptes Rendus, vol. 153 (1911), pp. 590-593, 705-707. 

|| Comptes Rendus, vol. 130 (1900), p. 159. 
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Demoulin* remarked that these surfaces are surfaces 2. We apply the above 
general results to these surfaces of Guichard and show that they admit trans- 
formations A,, into surfaces of Guichard.t 

The circles orthogonal to two surfaces in the relation of a transformation 
A, form a cyclic system. We call the planes of these circles the circle-planes 
of the transformation. Beginning with § 8, we consider the case where for 
two or more transformations A,, the circle-planes are the same for these 
transformations. We find that there are special surfaces Q depending upon 
six arbitrary constants which admit, in general, three transformations A,» 
such that the circle-planes are the same, and these complementary trans- 
formations are known when a special surface is given. 

We have shown in M, that the transformations D,, of isothermic surfaces, 
discovered by Darbouxt and studied at length by Bianchi,§ are transforma- 
tions A,,._ Applying the foregoing results to isothermic surfaces we are led to 
the special isothermic surfaces studied by Darboux and Bianchi in the memoirs 
indicated. 

In like manner these results when applied to surfaces of Guichard lead to 
the special surfaces of Guichard previously studied by the author. || 

In §$§ 3 and 19 a study is made of the envelope of the circle-planes of comple- 
mentary transformations. These surfaces are applicable to quadrics when S 
is a special isothermic surface or a special surface of Guichard. 

In the closing section it is shown that for certain surfaces Q the transforma- 
tions A,, go in pairs, the circle-planes of any pair being the same. But the 
transformations cannot be found directly as in the case of the complementary 
transformations of special surfaces. The surfaces of Guichard are of this 


type. 
1. EQUATIONS OF A SURFACE (C 


In accordance with the definition of a surface C, its cartesian coérdinates, 
x,y, 2%, a complementary function ¢, and the function 2? + y* + 2 — # are 
solutions of an equation of the form 


#0 | dAlog p00 , Alog Vp a0 _ 


(1) Qudv | — av Ou ou Ov 


0. 


*L.c., p. 707. 

t These transformations are the same as those found by the author formerly by a method 
not based upon the underlying transformations K,, Annali di matematica, 
ser. 3, vol. 22 (1914), pp. 191-248. 

tAnnales del’Ecole Normale Supérieure, ser. 3, vol. 16 (1899). 

§Annali di matematica, ser. 3, vol. 11 (1905), pp. 93-158. 

|| Annali, l.c., pp. 235 et seq. 
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The fundamental functions E, F, G, D, D” of C are given by* 


, ry. 3 
B-(s) +e Pome OCS) +p 








Ou Ou dv’ av p 
1[/ at \? at \? 1 
9 2 = _ (2 == —— He a 
2) lianas “| (%) +(5) |+3 
D _ mo(Xo — p80) _ D” _ mo(Xo + pA) _ Mu 
H- Te , | in To s 
where m “ 
iu [Pts ata log vo _ dtd log Y | 
@) ~ HW? pl dw" du du +~— avs wv , 
| yu = 1 [#t_ aa log vp , ata log vp 
~ HH pl dv du du av dv ' 
and 
aT» at aT» at 
(4) — * mo (Xo — pho) a» y “es mo (Xo + pho) a» 


6) being the solution of (1) which determines a conjugate surface Cy of C 
(cf. Me, § 3), and A» being determined by the equations 


, Oho _ dy ho _ al 
(9) du Pau’? es 
By means of the above equations and the expressions [41], it can be shown 
that the expressions (2) for D and D” satisfy the Codazzi equations.t There 
remains the Gauss equationt{ to be satisfied, which is reducible in consequence 
of (2) to 


(XG — p? 
[=e p 90) = L “s (Xo + pA ) 


mo ot 3 ot 2 1 


® log Vp 8? log Vp 
~ Ou * oe * 

Recapitulating these results, we have 
THEOREM 1. The analytical determination of surfaces C consists in finding 


five functions do, 9, To, p, and t satisfying equations (4), (5), (6) and 


(7) dudv Ov Ou Ou dv 





Gt | Alog vp at , Alogvpat _ | 





* Cf. [35], [36], [43], [46]. A reference of this sort is to equations of the memoir M2. 

+ E., p. 156. A reference of this sort is to the author’s Differential Geometry, Ginn and Co., 
Boston, 1909. 

tE., p. 155. 
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2. EQUATIONS OF TRANSFORMATIONS A,» 


The lines joining corresponding points on a surface C and the conjugate 
surface Cy form a normal congruence. The orthogonal surfaces are surfaces Q 
by definition. Let S be one of these surfaces. In Mo, § 8, we established a 
transformation of S of the Ribaucour type. In the present section we give 
another form to the equations of such transformations A,,. 

—- @ @ 4% AB A Z:; X2, Ye, Z denote the direction-cosines of the 
normal to S and of the tangents to its lines of curvature, we have from [9], 
[12], and [53] 


= 1 . . 
(8) X = 7, (0X1 + bo X2 + wo X) | 
and | 
~— Ox Ot = Ox dts 
(9) Ki = ($+5-4), ¥= ($45), 


where XY, Y, Z; X,, ¥1, Z:; X2, Yo, Ze are the direction-cosines of the normal 
to C and of the bisectors of the angles between the parametric curves on C. 
In consequence of [7] and (8), equations (9) may be replaced by 


a ta do ot . BR bo ot , Wo ot 
X; = %| (VE cos w+ rou) x +(- VE sin valid rn) = + rat |: 


8 rs) , ( i 7) 4 Wo Ot 
va] (AG cos w + 95. X,+ VG sin w + 7 5, to + 7 ax ’ 


where 2w is one of the angles between the parametric curves on C. 


be 
nw 
ll 


By means of the expressions [42] and [46] for ao, bo, wo, namely 


y To (~ ot 1 x) 
10 ~ 2 cos w VE aut \Ga : 


er a1 x) oe 
2sinw\y¥E Ou VG av)’ ~* B’ 


(10) 


bo = 


these are reducible to 





= 1 . 3 7 1 dat 

By = yp (sine Xs - cos wks + 5X), | 
(11) 

= 1 ; - 1 oat | 

Xo me oe wX, + cos w X_ + amt): 


| 
{ 
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From (8) and (11) we have 
1 oo = 
Kin 7* +i e8e Gn * a) 
-X — X, ), 
(- = ae - a Gp 


ot = 
Ou 


ot = 
r +5.%). 


If S; denotes a transform of pn surface S by a transformation Ap, as 
developed in Mz, § 8, the two surfaces S and S, are the envelope of a two- 
parameter family of spheres. From [98] and [99] it follows that the coérdi- 
nates, £, 7, ¢, of the centers of these spheres are given by equations of the 
form 
(13) f=#+(0-t)X =%,+(0—t)X’, 


where #;, 91, 2; are the cartesian coérdinates of S:; X’, ¥’, Z’, are the direc- 
tion cosines of the normal to S,; and 
al T» 0; 
> Mo Ao (A; — O01) ° 
In order to explain the terms in this expression, we remark that S,, being a 
surface 2, is normal to the lines joining corresponding points on two surfaces 
C, and Cy. These surfaces C; and Co are in the relations of transformations 
Kym, with C and C5 respectively, and the transformation functions are 6;, \; 
and 691, Aoi respectively. 

If x10, Yio, Z10 ANd 2, Yi, 21 denote the cartesian coédrdinates of Cy and C; 
respectively, we have 


(14) 


A190 Mo 


(15) X’ = T,, (tw-%), X= 


where 7'io is the analogue of 7. 
Since C’, Co, C1, Cio form a quatern of surfaces under the relation of trans- 
formations K,,, we have from [73], [76], [77], [79] the relations 


(16) Nij 6; = 65; rn; = 6; X; + 6; Aj, 63; r; + 65: Aj = 0, 


Nij 6; + Aji 6; = 0, 
and 
(17) Gj 0; Xi; = 65; rXG x —_ Vr; 0; 2; +; 6; Tj» 


fori = 1,7 =0. Also from [9] 


(18) u— 2 


for 7 


= im: . (a; X,+5); Xo + UW; X) 
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By means of these equations the expression (15) can be given the form 


Mo 


X’ = 7 [ (O10 Ar + Ao 1) (1 — ©) + Ao Ai (a — Ao)] 
6; Tio 
Mo 6o1 — 6; A; ao , 
(19) = ~~ my | ( v1 my, Xo a1 + mo ). ’ 
O01. — 4 A; bo » O01 — A A; wo ” 
+( Aim, Xo br + Mo )x. +( him Xo wi + mo )x|. 


If the expressions (12) for X,, X2, and X be substituted in this equation and 


use be made of the identities 
Wo Ot 


ao sin w — bp cos w + a = 0, 
(20) f 
. w t 

do sin w + by cos w + + — = 0, 
VE Ov 


which follow from [42], and of the relation [97], namely 
(21) (Tio — To) 0: + (001 — 6:) mo rAo (4, — t) = O, 


t; being the complementary function for C,, we have 


yy _*y mo Xo (81 — 91) Pio vy 
X = a + T 1 O14 mM {| T, +r, m, (ty -1) |x 
t 
(a; sin w — b; cos w) VG + ne 7 
(22) > ~ xy 


VpH 


“ph 


- t 
(a; sin w + b; cosw) VE + my... | 
Ov = 
"i : — Xo ’ 


VpH 


where we use the abbreviation 


(23) D;; = a; a; + bb; + wi wv; (i +7). 
From (13) we have accordingly 
=, — 1 = 4 = 
(24) #%—#=(t-—oa)(X’-X)=- (mXi+6iX2+mX), 
a, m, 
where 
——. Tw A; At =_— es 
7 To 91 + mo Xo (O01 — 01) t’ 
' : 
mn =—= [ (ar sin w ~ bs c05 0) VG + wr |, 
: Vo H Ou 
(25) 
B : | ( sinw +he )VE + | 
= — sin w osw)VE+u,= |], 
1 ‘pH 1 1 155 


m 
Mi = mi (ti — t) +7. 
0 
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From [100] it follows that the radius R of the variable sphere whose en- 
velope is S and S, is given by 
mo ot (A. — 1) + To A 
mo Xo ( Bo1 = 61) 
We consider for a moment a general transformation of Ribaucour of any 


surface. If the equations of the transformation are written in the form (24), 
the functions 71, 61, ui, 71 and the function 7; defined by 


(26) R= 


(27) 2m, 7101 = ni + Bi + wi 
satisfy the equations: 
On _ Rm mH — 6%, 
aut” VE pi’ Pt al 
Oni [= O71 a [= 
du vEn, dv VOB, 
a. om aVE dm fr AVG 
au AG Ov’ Ov WE Ou ’ 
(28) dloge:_ em ae. £.% 

i 3s,’ re 
— - 
mee ay TH ye tm - VED, 
a1 _ om ave, = 
a ig = ce mantdl +a. 


where E, G and E,, G, are the first fundamental coefficients of the given 
surface S and its transform S,, and py, p2 are the principal radii of curvature 
of S. Conversely, every set of functions satisfying these equations deter- 
mines a transformation of Ribaucour.* 

The ratio 7:/u; is equal to the radius of the variable sphere of the trans- 
formation. When S is a surface Q and the transformation is of the type Am, 
it follows from [93] that 


(29) Mo Ao (801 — 81) + Tomi Ar (t: — t) + Pio = O. 
Hence from (25), (26), and (29) we have 
_ Mo Xo (G1 - — 8 + mil 


1 = . 


1" 
_ Moo (Gor — 91) _ mo (Ar G10 + Ao A1) 





(30) 





1 = 
’ Ty T 
*Annali, ser. 3, vol. 22 (1914), pp. 191-248. 
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From these expressions follows 


(31) Tr =mt—6, 
and from (21) and (30) 
(32) 6, Tio = Tolmi (ts — t) +4). 


Hence from the first of (25) we have 
r r 

(33) a1 =—[mi(ti —t) +61) =—(mit — 71). 
T1 T1 


From [54] we have that the fundamental functions for a surface S are 
expressible in the form 





pa 1 7 — met _ cs 
VE = E T, (Xo pte) | Wp’ 
= t 1 
VG = E — FE Ono + pt) |=, 
(34) 0 Vp 


VE _ mo(do— 0%) — VG _ mo(do + p60) 


pr Top To\p 
D = E/p,, D” = G/ps. 


When equation (31) is differentiated and use is made of equations (28) 
and (34), we obtain 


ln ay, ahh (a 
(35) m= Yo (m5 —_ ), Bi = vo (m5 >): 


A function 6, determining a transformation K,,, of C, and consequently 
a transformation A,,, of S, must satisfy the equations [65], namely 


06 — ' Mm, X 
Fe + YE| cos wa: — sin why + (4 = 2) 7, (C08 @ ao 

sin bo) | = (0, 
(36) a0, 


Op +G | cos wa, + sin wb, + (t, — t) mM (COs w do 


0 


+ sin wo) | =(Q. 


When these expressions are substituted in (35) and also the expression for yy; 
from (25), we obtain 


v at ; ; 
m = | duo oe + Ty VE (a; cos w — b; sin ») |, 


(37) 


v t = 
6, = P| a5 + Ty VG (a; cos w + b; sin v) |. 


Ty 
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These equations are consistent with (25) in consequence of (10). 
We recall from Ma, § 6, that the complementary function ¢, of C is given by 


Ot; p 00; ot 
Flas “fl: —ta +05, 


00; ot 
-£[ (a - nF +05 |, 


fori = 1. Making use of these equations and the preceding equations, we 
obtain from (33) by differentiation 


Oo1 m1 [™ 9; th mo (Ao — pA) 


(38) 





U = pr? Te 7 Ay Mi ty + pO; rs | ’ 


or . Br ? |e ome 





From (28), (35), and (39) we have 


6; t; mo (Ao — pA) pA; at, 
E, = |” ana aan —t 
ve vi Fra Lo sl 


= —1 es pA) ia pA; | 





(40) 





G, = _ _ 
: Vp (71 — wits) Ty AL 


From these expressions and (34) we get 
In T1 mo (Ao — p49) | 
Ei, - ans. > SeaeeeaRRnRT ES E t—t — Xr A], 
V 1 VE a RBs 1 ( 1)° T 1+ pA 
Ao + pA) 
6,+16 = E ing mo (ra + 960) _ y, — 9]. 
VG, +6 = WW may Dat — 8), 1 — pb, 


Hence the last two of equations (28) may be written 


(41) 


1 dVE my mo (Xo — pA) 
= Go + 2) —_-_— 
G av Bi — ( 1 pA; ) 10 pT? 


1 avG m, mo (Xo + p60) 
= ——(A 6 ® 
VE ju %p | 1+ pA) + Pio Np re 


’ 


To these formulas we add 


® ot ot 
2’) Te + ¥e( mac + Aig) = How, 
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which is obtained by solving the second and third of equations (25) for a; 
and b, and by substituting these and the expressions (10) for ao, bo, wo in (23) 
fort = 1,73 =0. 


3. ENVELOPE OF THE CIRCLE-PLANE OF A TRANSFORMATION A, 

It is a well-known fact that the circles orthogonal to two surfaces which 
are in the relation of a transformation of Ribaucour form a cyclic system, 
that is they are normal to an infinity of surfaces. We call the plane of this 
circle the circle-plane of the transformation and in this section we derive certain 
results concerning the surface So which is the envelope of these planes. 

From (24) it follows that the direction cosines of the normal to this plane 
are proportional to 


(43) Bi x: - oi X:, By y; — Ys, Bi Zz = By . 
Consequently the coérdinates 29, yo, 20, of So are given by 
(44) ty = F+p(mX1+6iX2) +X, 


where p and q are to be determined. The conditions necessary and sufficient 
that So be the envelope are that 


ae v te i) 
(45) O(&M-mk)5°=0, Ca —nk) FS = 


The derivatives of X,, X., X are given by 


v bz | ry r | Y 
ox l 0 E LE = 0. 1 0 i 
ete et 2, Ste ks, 
u VG v Pi v V E u 
| X, 1 dyE 1a /@— , ¥G— 
a ety, Be La ee, 
VG °° VE ” 
ox vi; o¥_ Vez. 
Ou Pi Ov p2 
By means of these equations and (28) we find that equations (45) are equivalent 
to 
1 ( ] I ) 
pesi- —— }, 
, r\p2 Pi 
1 I l NG E, 
(47) a wes )+me(% os MBs) 
Pz Pl V G E 
_ 6,\ 1 B 
r= ™ 0; (14M) 2 (1-4) 
Pi VG p2 V E 


a @ Pp. 157. 
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From (28) we have 
Orn, Out at Oui 
(48) ou + P1 Ou — 0, + p2- av = 0. 


Since these equations become the Rodrigues equations,* when 7; and mm 
are replaced by #, 9, Zand X, Y, Z respectively, it follows that 7; is a solution 
of the point equation of S and , of the tangential equation. Hence m1, i a 
 # Z are the tangential coérdinates of a surface 2» which corresponds with 
parallelism of tangent planes to S and with lines of curvature in correspondence. 
If £0, no, {o are the cartesian coérdinates of Lo, their expressions as given by 
the general equations for tangential coérdinatest are reducible in consequence 
of (28) and (46) to the form 


(49) fo =m X+mXi+ fi Xe. 
Making use of these results, we have from (44) 
(50) dxy = Xdw + & dp, 


where 


(50’) 


45) 


"VE 
If we put 
(51) Vamoth(uitaitéi)+n, 


the linear element of So may be given the form 
(52) ds, = dw? + 2dpdy. 


These results which are true for any cyclic system will be applied in § 19 to 
certain transformations A, 


4. INVERSE OF A TRANSFORMATION A, 


It is evident that the relation of a transformation A,, is entirely reciprocal, 
and in the subsequent theory it will be desirable for us to know the functions 
by means of which S is given as a transform of 8. 

The equation analogous to (24) is 


1 7? -l wv tt a 
oe (ny X, + By’ X, + wy" 2 ), 


my 


where X’, Y’, Z’; X,, Y,, Z|; X2, Y;, Z, are the direction-cosines of the 
normal to S, and of the tangents to its lines of curvature. For any trans- 


*E., p. 122. 
tE., p. 163 
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formation of Ribaucour, defined by (24), these direction cosines are given 
by the following expressions :* 
7) Vv ee rs Yy’ Vv Bi i on 
Riak.42, <2), Boao ~ = Fia -8), 
T1 71 
—— - Mi, ms 
X’=X+-—(4#4-2#). 
T1 
Substituting these expressions in the above equation and replacing Zz, — z 
by its value from (24), we get an equation of the form 
AX + BX, + CX, =0. 


Since this equation is also true when the X’s are replaced by the Y’s and Z’s, 
it follows that A, B, and C must be zero. This gives the three equations 


- — ~1 = ol = 
oh om 
ot ben wnt +e = -o+ ee a Be 71M Bi Bi 
M1 m Bi m1 71 
From these equations and (27) follow 
m'=pem, Br'=— phi, wi'=pm, o7' = po, 


where p is a factor of proportionality to be determined. 

We have remarked that the radius of the variable sphere is 7;/u;. Hence 
t;' = pt;. If this value be substituted in equations analogous to the third 
and fourth of (28), we have in consequence of others of these equations that 
p = c/r, 01, where c denotes a constant. Hence 

mi =em/T19%1, Br' = — cBi/n 01, wi! = ¢u:/T101, 


(53) - - 
Ti = c/o, 0) = ¢/7T,. 


It is readily found that these values satisfy equations analogous to (28). 


5. SURFACES OF GUICHARD 


It is our purpose to apply the preceding results to the surfaces of Guichard, 
as defined in the introduction. Calapsot made a study of these surfaces and 
determined their characterization. He found that there are two types which 
he called surfaces of Guichard of the first and second kinds. He showed that 
the fundamental functions of a surface of the first kind are given by 


oo fom om —_— 
(54) WE=eésinha, 1G=e cosha, F=0, D=0, 
D = ef sinh w(cosh a + hsinh a), 


py 


e§ cosh a(sinh a + h cosh a), 


*Annali, l. c., p. 196. 
tAnnali di matematica, ser. 3, vol. 11 (1905), pp. 201 et seq. 
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where £, a, and h are functions satisfying 


Oh _ 
ov 


Oh _ 
Ou 


(h + tanh a), 


(h + coth a), 


2 


0° HE aE 
a aa? + coth ane + tanh a ae 


0° o 
Ou? 


+ sech? ase (cosh a + h sinh a) (sinh a + hecosh a) = 0, 


2 ; 
PE EI oooh 38 Oe 


Qudv du dv Ou Ov +t 


Conversely every set of functions satisfying these equations determines such a 
surface. In what follows we consider only surfaces of the first kind, but 
analogous results are equally true for surfaces of the second kind. 

The fundamental functions of the associate surface S’ are of the same 
form as (54) in functions ~’, a’, h’, given by 


e* =e*(1 — Rh’), 


sinh a’ = R * [sinh a(1+ h?) + 2h cosh a], 


cosh a’ = i apleosh a(1+ h?) + 2hsinh a]. 


Comparing equations (34) and (54), we have 
mo (Ao — pA) = VpT(cosh a + hsinh a), 
mo (Xo + pB) = VpTo(sinh a + h cosh «), 
Ty — mot (Xo — pO) = To Vpef sinh a, 
Ty) — mot(Xo + p00) = To Vpef cosh a. 


Eliminating A» — p% and A» + p% from these equations, we obtain two 
equations which are equivalent to 


(58) t= e§/(1—h), Vp = (1 — h)e~#*, 
Substituting these values in (57), we find 


_1 fo 
~ 2 mo 


Q-Bert, ga —)28¢. 


(59) Xo 2 mo 


With the aid of the first two of equations (57) the first two of equations (4) 
Trans. Am, Math, Soc, 5 
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are reducible to 
d log To 
Ou 


re) log | To 
Ov 


= Vp (cosh a + h sinh a), 
(60) 


= Vp (sinh a + h cosh a) 


From (58) and (55) we have 


ot esch a o£ ot sech a o£& 

: ee | ea ae recs jai OO cena ae 
(61) au" G-bfaw a * G—byfar’ 
Substituting these values in (60) and making use of (55), we find 

62 d log To _ 1 oh ts] log To _ 1 oh 
() au 1—hou’ a 1—hav- 
Since Ao, %, 7» in the transformation from C to Cy are determined only to 
within a constant factor, it follows that in all generality equations (62) may 
be replaced by 


(63) 
Consequently equations (59) become 


11+h 
(64) ee 


2 ™o 


1 ef 
90 = 3 (h—1) mo’ 
It is readily shown that these functions satisfy equations (5). 
From (58) and (55) follow also 
dlogVp —e* df da 
“ee F-1™*.- 
(65) = 
8 log Vp e* 0 da 
“a “ro sech | a 
With the aid of these results it can be shown that t, given by (58), is a solution 
of equation (1). 

From the general existence theorem concerning surfaces of Guichard, as 
given by Calapso, it follows that each set of functions £, a, h, satisfying 
equations (55), determine a surface C, for which ¢ and p are given by (58), 
and the surface Cy is determined by the functions Xo, %, 79, given by (63) 
and (64). 

6. TRANSFORMATION OF SURFACES OF GUICHARD 


It is our purpose now to show that there are transformations A,, of surfaces 
of Guichard into surfaces of the same kind, and that these transformations 
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are equivalent to certain ones obtained by us* previously in another manner. 
In the first place we observe that there must exist two functions A10, 410 
for the new surface whose expressions are of the form (64), namely 


2 ot. hy ef r i e® 
2 mo 7 10 2 (hy — 1) mo’ 


(66) A10 = 


When the values (64) and (66) are substituted in the first of equations (16) 
fori = 1,7 = 0, we have 


$1 & 
(67) (e*#(1 +h) —(1+h)e*) @ = n(4- 73): 


From the general theory of transformations Kf it follows that the point 
equation for C, is that obtained from (1) when p is replaced by pi, where 


(68) pi = x 
From (58) it follows that we must have for the surface C, 
(69) Voi = (1 — hy em t™, 
When this value and that for p from (58) are substituted in (68), we get 
(70) Ai = 0:(1 — ky) (1 — hye tater) | 
Eliminating \,; from equations (67) and (70), we get 
(1 — e~™@*9) (ef — ef) + (1 + oO ) (he — he®) = 0. 
If we introduce a function k; by the equation 
1—- ky 
1 + ky’ 
the above equation may be replaced by 


(72) h=ki-he, h=kh—he*, 


(71) erite _ 


l, being a function thus defined. 
From (71) it follows that 


cosh a, (1 — ki) = (1 + k) cosh a + 2h sinh a, 


(73) . aie. 
sinh a, (1 — k?) = — 2k, cosh a — (1+ k?) sinha, 
and thence 
, cosh a; + k; sinh a, = cosh a + k; sinh a = gy, 
4 
(74) sinh a; + k; cosh a; = — (sinh a + k; cosh a) 


*L.c. 
Tt Mi, p.- 412. 
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¢; and y; being thus defined. Hence (73) may be written 
(1 — k{) cosh an = Githiy, 
(1 — k{) sinh ay = — (1 + hi 1). 


_ From (54) and (58) it follows that ¢; and the fundamental quantities E, and 
G, for S; must be of the form 


(75) 


— = £1 
(76) VEr=eFsinhas, VGi=ecosha, fh =7—>- 
— a 


When these values are substituted in (40), the resulting equations are 
reducible by means of (57), (58), (72), and (74) to the single equation 


(77) L@(1—h) +m(1—hkh) =0. 
From this and (31) we obtain 
(78) A(l—h)+n(l1—hkh) =0, 


and consequently 
(79) Mm =r, 


that is, 1/l; is the radius of the variable sphere. 

When the above values of \;, 71, 41, and ¢; are substituted in (33), we get 
(80) o, = 16° @*9(1 — ke). 
Hence for the type of transformations A, now under discussion equations 
(28) are 


Oo} 


efmi(kigityh), Bp = © Bi (ln + 1), 


00; 

ou 
° Or; 

= em sinha, — =e'B, cosha, 


Ov 


on 
Ou 
Ou , Our . 

= — m(cosh a + hsinh a), : thes — 6, (sinh a + heosha), 
0 0g 90 

re — Bp, (tanh a = + =) + ui (cosh a + A sinh a) 


+ m,o,e sinh a + mre *(kidi +1), 


an a da) ah_ (a , aa 
ov Br (coth Ou Toe ), au (tanh av 7 ov ), 


9B 


) 
edna ( coth = + = 


du | du 
+ mo; e§ cosh a + m, 7; e&* (ki vi + $1). 


) + uw (sinh a + h cosh a) 
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In consequence of (79) equations (72) are equivalent to 


(82) bunk ~ ee. Lok ~#@=. 
T1 T1 


When these values of h and h; respectively are substituted in the first two of 
equations (55) and analogous equations in functions with the subscript 1, 


we get 

ok 0 
= 61 ( esch ag te™), 
(83) Ok, : ) 
= = Wa (sech as + eth), 
and 
dé 


= = pat 2 a m1 
sinh ai(esch aS + (¢ e )@), 


al 
Ou 


0&1 


(84) 7) 
—- = — cosh ai (sech ase + (6 — ye). 


Ov 


When the value of e* from equation (80) is substituted in these equations, 
they are satisfied identically in consequence of the above equations. 


When the expression for k, from (71) is substituted in (83), we get 


(ax +a) = — (cosh a + cosh a) (sch aS _ én), 


S (en +a) = (sinh a; — sinh a) (sech as - oft), 

It is readily shown that these values of a; and £; satisfy also equations analo- 
gous to the last two of (55). Hence we have 

TuroreM 2. If S is a surface of Guichard of the first kind, each set of func- 
tions 01, 71, Mi, 11, Bi satisfying (81) and (27), where ky, o1, and y are given 
by (74) and (82), determines a transformation A», from S into a surface of the 
same kind; the functions a1, £1, hi, of S; are given by (73), (80), and (82). 
Hence in addition to the constants m, there are three arbitrary constants of 
integration. 

From (31), (58), (70), (71), (80), and (82), we get 


= >| (a -1), 


(85) — 
M=- a el Baa o1—-me*(1+h), 
l1-k 
as the functions determining the transformation of the surface C associated 


with S. 
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7. THE ASSOCIATE SURFACE OF GUICHARD 
In Mz, § 10, we found that the transformation A,,,, for which 
(86) A=-A =1, O10 = Ao, Aro = 4, 61 = —An = 1, 


transforms a surface S into a surface S, corresponding to S with parallelism 
of tangent planes, instead of the surfaces S and S, being the envelope of a 
two-parameter family of spheres. We shall show that if S is a surface of 
Guichard the surface S, so obtained is the associate surface referred to in the 
definition of surfaces of Guichard, as given in the introduction. 

From [111] we have 


(87) Tio = To. 

On the assumption that S; is a surface of Guichard we have from (63) and a 
similar expression for 7'19 

(88) hi =h. 

Likewise from (64), (66), and (86) we have 

(89) e'=(1—PR)e*. 


From the first two of equations (55) and similar equations for S, we have in 
consequence of (88) 


g 


u’ 


0é r) 
(h + coth a;) = (h + coth a) » 


d£1 


(h + tanh a;) av 


dé 
(h + tanh a) ap° 
If the expression for e* from (89) is substituted in these equations, it is 
found that they are equivalent to 


sinh a; = RP - [sinh a(1 + h?) + 2h cosh a], 


(90) 
cosh a; = aj [cosh a(1 + hf?) + 2h sinh a]. 


But these equations and (88) define the associate surface of S, as Calapso 
has shown.* Hence our assumption has been justified and we have 

THEOREM 3. A surface of Guichard and its associate are in the relation of 
the parallel transformation A», that is, the one for which 6, = —, = 1. 


8. TRANSFORMATIONS Am WITH THE SAME CIRCLE-PLANES 


We begin the study now of surfaces 2 which admit several transformations 
A, with the same circle-planes. 
*L. c., p. 214. 
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From the expressions (43) of the direction-parameters of the circle-plane 
of a transformation A,, it follows that if a second transformation A, of S 
has the same circle-planes as the original transformation, the corresponding 
functions 82 and 72 are proportional to 6; and 7 respectively. From equations 
(28) and similar ones for the second transformation of S, we note that we 
must have 


0 (71, 72) 
(u,v) 


O(m1, be ) a 


“* Tao” 


Consequently 72 is a function of 7;, and pe is a function of w,. But as 7 
and 72 are solutions of the point equation of S , T2 is at most a linear function 
of r,;. The same is true of we and yw, since they satisfy the tangential equa- 
tion of S. On account of the linear characier of equations (28) we have in 
all generality 


(91) Tm =1+7', MWe =mty’, Mm, =m, +m’, 
where 7’, »’, and m’ are constants. It follows at once from (28) that 


(92) 72 = M15; Bo = fi. 
From (31) we have also 


(93) 0.—-0, =p’t—7’. 


This equation is consistent with the equations obtained by replacing the 
quantities in (92) by the expressions (35) and similar ones for m2 and (2. 

An exception to the preceding results arises in the case when S is a surface 
of revolution. In this case C coincides with S and p is a function of a single 
variable, say u. Now the point equation is satisfied by any function of u 
and consequently we are not justified in saying that 72 is necessarily linear 
in 7,;. As a matter to fact it is an easy matter to construct a large number 
of surfaces of revolution in relations of transformations of Ribaucour to the 
given surface, and the meridian planes are the circle planes. Hence we exclude 
from future consideration the case when S is a surface of revolution. It is 
readily shown that this is the only case for which 7; is a function of wu or v 
alone. 

From equations (42) and analogous ones in 72 and #2 we get 

(Boo — Bio) mo Ao = Th (m2 r2 — mA1), 
(94) 
(Boo — Dio) mo A = Th (m2 O2 — m1 41), 


where ®29 is given by (23) for? = 2,7 = 0. In like manner from (37) and 
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analogous equations we have in consequence of (94) 


, T 1 dt 
(dz — a) cos w — (b, — bi) sinw = mo ho (™ ~ mada) = 5a, 


(95) 


, T 1 dat 
(az — a) cos w + (be — Bb) sinw Tap ho (MM — Mada) TB 


From [94] and [15] we have 

IP in 

Ou 

IP in 

Ov 

fori =1,2. Making use of these equations, we obtain from (94) by differ- 
entiation 


t , 
= m; (Xj — pO; ) To — Mo (Xo - pA ) VE (a; cos ® — b; sin w), 
(96) ~ 
= mj (Ai + pB;) To> — mo (Ao + p80) VG (a; cos w + b; sin w), 


te] 
a: = 9 a 
Ou (Poo Pio) “ (Doo Pio) T Ou’ 


mo (Ao + pBo) dt 
To Ov" 


S (bx — Bio) = 2( Bo — Pio) 
In consequence of (4) these equations are equivalent to 
(97) Do — Diop = kT, 
where k& is a constant. Hence equations (94) become 


(98) Mme 05 — Ws 6; = kmo Oo, Me Ae -— M1 = kmo Ao. 


If m, and mz are not equal, it follows from (93) and (98) that 4; is a linear 
function of 6) and¢t. If m,; and m2 are equal, @) must be a linear function of ¢. 
Hence we have 

THEeorEM 4. In order that two transformations Am, and Am, have the same 
circle-planes, it is necessary that 0, be a linear function of 05 and t; if m, = me, 
69 must be a linear function of t. 

We postpone the consideration of the latter case to § 20. 


9. WHEN @; IS LINEAR IN 09 AND ft 
Since 6; for a transformation K,, is determined only to within a constant 
factor, we take in all generality 
(99) (,=O%+at+d, 


where c; and d, are constants. When this value is substituted in equations 
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(36), we get 
, ot 00 
VE (cos wa; — sin wb) = Riz -—. 


: ot 00 
VG (cos wa, + sinwb;) = L=-=, 


(100) 


where we have put 
(101) Ry = mri (4 — t) — 1. 
From the equations 
On; 06; Or; 00; 
9 —_—s — — — = — 
(208) Ou Pau’ dv av’ 
for 7 = 1, we have by integration 
(103) A =A tartar, 
where ¢; is a constant and r is defined by 


or ot or ot 


(104) —* “Pies ap Pap’ 
Differentiating equation (101) and making use of equations (38) for 7 = 1, 
we obtain 
OR ot OR; 


(105) ay = mC — pi) a, - 


If the above expressions for 6; and ); be substituted in these equations, they 
can be integrated with the result 


(106) Ry = — (m2? + Cn + B+ Dr+F), 
0 


where we have put 


ot 
= — m (Mi + phi) =. 


(107) C = mC\, E= Mm, @1, D = my, dy, F= mifi, 


f; being the constant of integration. 
We consider now the second transformation. We put 


(108) 0. = Op + mt + de, Ao = Ao + cor + ee 
without loss of generality. Hence from (98) and (107) we have 
(109) C= meee, E = mé2, D =m d2, mz — m, = km. 
The equations analogous to (100) are 
Ot 9% 


VE (cos w a2 —sinwh)=R>~ -s, 


. ot 06 
VG (cos w az + sin w bp) = Rex - = 
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where 
R, = Mz Xe (te —_ t) — Ce. 


In order that these equations and (100) be consistent with (95), we must 
have 


T 
(110) R, — Ry = —(m, — m). 
mo 


In consequence of this equation, (107), and (109), it follows that in the ex- 
pression for R, similar to (106) we must have the same constant F, that is 
we may write 


(111) F = mzf2. 


Again from (95) we have with the aid of (10), (98), and (109) the first two 
of the following: 


Mme—- Mm, Me—- Mm 

a2 — a, = — —a bo — by = b 

2 1 m 0» 2 1 m 0» 

0 0 
(112) 
Me —- Mm, 
We — Ww, = = Wo. 
0 


The last one follows when we express the condition that the functions a; and b; 
satisfy the fundamental equations [10] of a transformation K , namely 


0a; 
= = — m;(X; — p0;) VE cosw +6; A +; D/2VE COs w, 
0a; 
- = — m;(d;i + p0;) VG cos w — b; B + w; D” /2 VG cos w, 
ob; — es 
7 * mi (A; — pb; ) VE sin w — a; A — w; D/2VE sin w, 
(113) ab 
= = — m;(A; + pA; ) VG cos w +a;B+ uw; D"/2 VG sin w, 
dw; - D (2 b; ) 
du —ia NE \cosw sinw)’ 
Ow; _ f(a _bi ) 
dv —s NG \ cosa T on w)’ 
where 
Edlogvyp. , dw Galogvp . dw 
(114) A= Gg Mm2%w-aZ B= E ou ™ 2w — ap’ 


We recall from Mo, § 6, that a set of functions a;, b;, w;, 0;, \, t; satisfying 
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(36), (38), (102), (113), and the relation 
(115) 2m; 0;; — (ai + bi + wi) + midi (t; — t)? = 0, 
determine a transformation K,, of surfaces C and a transformation A,, of 


surfaces 2. 


10. TRANSFORMATIONS A,, WITH 0; LINEAR IN 69 AND ft 


We consider now the transformation for which 6; has the form (99). From 
equations (100) we have, in consequence of (10), 


1 1 00 1 00 
n= Ry (Lam, Lam), 


2cosw\ VE du * VG dv 
(116) | 
—" eed 1H, 1 >. 
1 “7 2sinw\” vVEdu' VG av 


When these expressions are substituted in the first four of equations (113) 
for i = 1, the resulting equations reduce to the following two: 


D(w: +7R) + (60) 


= +] mon ~~ me Oe én pt) |= 0, 
(117) 


D” (wi + #2R) + (822 


1f R 
==] mon + p01) +“ (na + 060) | - 
p 0 


where we have put 


0? 6 06 
(Bo) = “aye — UY aye — CN Gp 
— 0° 6 06 
(Oo)e0 = 5° — (HS — (BIS, 


the Christoffel symbols {7} being formed with respect to the linear element 
of C; their expressions are given by M, (108). 
In like manner the last two of equations (113) become 


Ow _ _k dw n( 04 =): 

ou Se Ou + H? én - Ov 
(119) 

dw _k dw in ( 90 - FS) 

Ov ~—~C~*S g's + 7p Ov du }* 


If the first of equations (117) be differentiated with respect to » and the 
second with respect to w, and the derivatives of w; be replaced by their ex- 
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pressions from (119), the resulting equations vanish identically because of 
the Codazzi and Gauss equations* for C. Hence it is only necessary to 
express the condition that the expressions for w; given by (117) shall be equal. 
This is 
Ri 
p[D” (80)11 — D (80)22) = D” [mcr — p0;) + 7 7, mo (Ro = pte) | 

(120) R 

- D| mc + p6;) + 7p, mo (Xo + pts) |. 

From (101) and (106) we have 


(121) mida(t = t) =e: — (52m + Crt + Ett Dr +P). 
0 


It is readily shown that this value of t; satisfies equations (38) for 7 = 1. 

It can be shown that if a;, b;, wi, \:, 0:, t; satisfy equations (36), (38), 
(102), and (113), the left-hand member of equation (115) is constant. As 
we desire a transformation K,,, we must show that for the above functions 
this constant is zero. In order to do this we must simplify the expression 
for wv). 

By definition the differential parameter A; (0.,¢) formed with respect to 
the linear element of any surface is given by 


6 2% ot se: ot 04 ot x) , 9% ot 
Ou Ou du dv dv Ou ‘Ov do 
one nn aasecamanaaaat EG — F? 
By differentiation we have 
git _ pat 300 pb 
a, 6.t) = Ou Ov P Ou dv , 
ou 1( 0> ) = EG — F ( oi + EG — FP? ( du, 
—_ 0 00 00 
t 
pu _p E—-F— 
9, 6.) = > _ 9 Ov a a , 
ov 1 ( 0» ) BM. ( 0 )22 + EG — om ez, 


where the expressions for (¢);; and (¢)22 are analogous to those for (69)1 
and (9 )22 given by (118). 
For a surface C,, in consequence of (2), we have 
ot ot ildt ot ot 1ldt 
} F E F 


—— ea — — 1, <= au —— ei 


Ou Ov pau’ * Av du pdv’ 
(123) 005 Ot 00, Ot 


nde oe om a 
Ou Ou Ov Ov 
Ai (%,t) =— oes 


pH? 


*E., p. 155. 
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Moreover, from [43], 


(Hu = —- T, + oT, — p%), 
(124) 
_ wD” mo 


T. + OT. (Ao + p80). 


(toe 


Hence for surfaces C we have from (122) 


005 305 
1 at a Cou" oe j 
pH? au (90) = jy At (A> t) +—“apqz, (vod — mo (Xo — pA) ], 
(125) 
865 805 
1 dt rs) ES ~F dy 


= 3p At (40, t) + — RG [wo D” — mo (Ao + p80) ]- 


pH? av ( % )22 2 
With the aid of these results, (117), and [48], namely 


ce) D dt ce) D” at 


(126) ou log wo = H ju’ re log wo = H de’ 


equations (119) may be written 


ce) R 
an [om +759) | 


6 
Fi) Ose FS 
- — Tos, 41 (00, t) + “Fa — Mo (Ao — pA), 
(127) a | Ry 
5p | wi + T° 
09 090 
ES ~ie 


0 
=— To =~ Ar (60, t) + ——_ Mo (Ao + pA). 


In consequence of (4) and (123) these equations may be integrated in the 
form 


R 
(128) wo ( + Fw) = mo (Xo A +g) pad To Ai (4, t), 


where g isa constant. From (110) and (112) it follows that g does not change 
in passing from the transformation of S into S, to that of S into S,; the im- 
portance of this remark will be seen later. 
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11. SPECIAL SURFACES 2 


When the values of a;, b;, w;, t:, as given by (116), (128), and (121) are 
substituted in equation (115) for 7 = 1, we get 


Ai A + H? p*? [Ai (9, t) om NP+ 20 ( wre +—2- Or — rot) 
0 


(129) 
+ 2D(rN — Xo) + 2E(tN — %) +2FN+6=0, 

where 
(130) N = Meets a) Ai % = Ai (0, 9), 

0 
and G is a constant such that 

2 2DE CC 

(131) G = 2mg + A =. < 


my, my mi” 


When equation (129) is differentiated with respect to u and » separately, 
the resulting equations are reducible to* 


00 ot 1 ‘ 
($e — )| Coo) +5 (Ci + DK + Els + Fah) 








Ou du 
D 
+—T)(N — Ai(%, ») | =0, 
Wo 
(132) 
(3 NS.) 00)e2 ++ (CJ2 + DK + Ely + FM 
oO CO (0022 +7 ( 2+ 2+ Hle + M2) 
dD” 
+ To(N — Ai(,t)) | = 0, 
Wo 
where 
ob 
a a) a eo re 
(133) Ty 
K; = M;rap, L; = M;t-1, 
with the upper or lower sign according as zis 1 or 2. We consider now the 
various ways in which (132) can be satisfied. 


If the first terms of (132) are zero, there is a functional relation between 
6) and t. Since both are solutions of equation (1), this relation must be 
linear. Later ($17) we show that when @ is a linear function of t, these 
terms are not equal to zero. 

We consider next the case 


005 ot 005 ot 
du au’ av + N >: 


w 


1 P 7 dD” 
(134) ( Oo )22 +7 (Cds + DK, + EL, + FM;) co wy 296 N — Ar (G0t)) = (). 


*It should be noted that D which multiplies the last expression in the first equation is 
one of the fundamental functions for C and not a constant, as the other D is. 
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If the first of (134) be multiplied by mp (Ao — pA), 1t can be integrated, 

in consequence of (4), in the form 

(135) mo (Xo Oo + 9) = TV, 


that is, N is equal to V , which is a function of » alone. 
Accordingly from the first of (134), (104), and (5) we have 


(136) 6 = Vti+Ni, ho = Vr+do, 


where V; and V2 are functions of »v alone. 
On the assumption that these quantities satisfy the second of (5) we get 


Vir+Vi=p(V't+V'), 


where the primes indicate differentiation with respect tov. Since this value 
of r must satisfy equations (104), we must have 


. " , dp Vs Wi\ (V2\' 
(137) (V’t+Vi)vp = Vs, oe rte(P) -(F) =o 
where V; is a function of v given by 


Vi=ViV;-0"( 











mists) 
# 


In order to obtain this expression for V3, we solved the above equations 
for r and t, getting 


a: si 1 /(V. , 
(138) r =a (VeVs — V2), t=p(-7), 


and substituted in the equation obtained by differentiating (135) with respect 
to v. 

The remaining conditions to be satisfied are the last of (134) and (6). From 

the former of these we obtain an equation of the form 

OVp | 

>_* 
where P is a determinate function of V, V;, V2, their derivatives and vp, 
but the function is very complicated. However, in any particular case it 
would be possible to see whether it, (136), and (6) are consistent. Accordingly 
in what follows we make exception of the cases where 4 is of the form (136) 
or with V and V, replaced by U and U;, functions of u alone. 

When we equate to zero the second terms of the two equations (132), the 
resulting equations are reducible by means of (128) to (117). Hence, when C 
satisfies (129), the values of a;, b;, w;, t;, as given by (116), (128), and (121), 
determine a transformation K,, of C. Now my; is a solution of the cubic (131). 


P, 


| 
| 
} 
| 
| 
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Moreover, each solution of this cubic determines a transformation of C into 
a surface C;, and, as follows from § 9 the transformations A, so determined 
have the same circle-planes. 

From (18), (98), (109), and (112) we have 


Me A2 2 — MA, X%1 + (Mz — mM) AA = O. 


Hence if M,, Mz, M; are the points on the three transforms of M in the 
above special case, it follows that M,, M2, M; are collinear and their line passes 
through My. We have seen (§ 8) that if mz and m, are equal, @) must be a 
linear function of ¢. Hence for the present we exclude the case where two of 
the roots of (131) are equal (cf. § 20). This imposes a condition on the 
constants in equation (129), which will be assumed in what follows. 

We shall say that two surfaces C whose functions satisfy the same equation 
(129) are special surfaces C of the same class. Later (§ 12) it will be shown 
that if C is a special surface, Co is a special surface of the same class. Hence 
we speak of S as a special surface Q of the class determined by the constants 
C,D,E,F,G,andg. Each of the three surfaces C; determines a transform 
S; of S. We speak of these particular surfaces C; and S,; as the comple- 
mentary transforms of C and S respectively. The preceding results may be 
stated in 

TueoreM 5. If C is a special surface satisfying (129) in which the con- 
stants C, D, E, F, G, g are such that the roots of (131) are real and distinct, 
and 0, is not a linear function of t with coefficients which are functions of the same 
single variable or constants, there can be found directly three transforms of C such 
that corresponding points on these surfaces are collinear. These three surfaces C; 
determine three transformations A», of the surface S, associated with C and Co, 
such that the circle-planes of the three transformations coincide. 

The investigations of the last two sections enable us to state the following 
theorem which is fundamental in what follows: 

THEOREM 6. When a surface C admits a transformation K,, into another 
surface C;, such that the function 6, is linear in t and 69 with constant coefficients, 
the surface C is a special surface, and C, is a complementary transform of C. 


12. COMPLEMENTARY TRANSFORMATIONS OF SPECIAL SURFACES Q 


Having thus established the existence of special surfaces 2 and transforma- 
tions of them for which @; is a linear function of t and 6), we consider in this 
section the surfaces S; resulting from these transformations. 

From (116) and (128) we get 


Oi = Do aia = — RK, To + mo(Xo % +9). 
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Hence from (25), (31), (33), and (35) follow, in consequence of (99) and (101), 


R c 
m=at+N, 1 = Nt-Q-4d, “ing Wt th, 
mies ot 00 ot 00 
ms _—— =e 
n= (v5 a) 8 1=%(W Ov ), 


Equation [93] is reducible to 
Mo Xo (A: — O01) = Toler + N) = Tom. 


Hence in consequence of the identities (16), we have 


r T 
Ai 919 = — do A; +m, 6; X19 = — 601 +m 
which are reducible to 


T 
Mi Ow = —Ao(att dh) toa +9, 

(140) ° 
dw = — G(r te) +o 2a +9. 


It is readily shown that these functions satisfy equations for S; analogous to 


(5), namely 


141) Oro _ _ Mi P10 Aro __ Ai Bo 
( du ——«i? us’ Ov sp; Ov * 


If @;' and d;' denote the functions by means of which we pass from 8: 
to S, and if we show that 
=O +tah+d, 


then we shall have shown that S, also is a special surface 2. 
We recall from M2, § 1, that the fundamental equations of a transformation 
K of a surface C are 


00; Ox 
o (Aim) = - (2 ou - 45) 


0 06; Ox 
$021) = o( 2 Oo - 455). 


For the inverse transformation from C; to C the analogous equations are 


(142) 


a ri 007" , 9X1 
ita +) = - 3 (2 Ou — a). 
© 0. uN 06;" _, OX 
re (A; z) = 3 (a3 ap — 6; x). 


Trans. Am. Math. Soc. @ 








| 
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From these equations it is readily found that 


K 


= 
Aa’ oon 


i = 
(143) 6:1 = z 
where x denotes an arbitrary constant. 
When this value and the expressions for 619 and ¢, from (140) and (121) 
respectively are substituted in the above equation, we find that it vanishes 


identically, if we take 


; CF DE. @? 
(144) a=a, d=h, «=g- satiation. 


Hence Si is a special surface 2. It remains to show that it is of the same 
class as S. 

We introduce for the surface C; a function r; analogous to r for C. From 
(104) and (141) it follows that 

” Or; nr; Ot; Or; nj Ot; 
(145) au ~ pOau’ dv plan’ 
As thus defined, r; is determined only to within an additive constant. But 
it is readily shown that this constant may be so chosen that we have 


(146) Ai(ri—7r) =M(t —7¢). 


Since the functions \;' and 6;' must satisfy equations (141), as well as Axo 
and 639, we have 


(147) F' =O0+at +d, Ar! = Aw + eins + 41, 


in consequence of (144) and (146). 
From these results it follows that the equation analogous to (121) is 


T 19 m1 
mo 





midi!(t =) = 01 — ( + Ont + Eh +Dn+F). 


In consequence of (21), (16), (121), (140), (146), and (147) it follows that 
F’=F. 

If the constant g is the same for S, as for S, the function yz! of the trans- 
formation from S; to S must be 


wm =) + Fe (Ato B10 +9), 
10 


as follows from (130) and (139). If uy’ be replaced by its expression from 
(53), it is readily found that the preceding equation is true, when we take 
c = kK, as given by (144). 

Since m, is the constant of the transformation from S,; to S, from (131) 
it follows that G has the same value for S; as for S. Hence we have 
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THEOREM 7. The complementary transforms of a special surface Q are special 
surfaces of the same class. 

We consider now the four surfaces C, Co, Ci, Cio which are associated 
with a pair of complementary surfaces S and S;. The functions 6>' and 
do’, by means of which C is obtained from Co, are given by equations similar 
to (143), namely 

Oy’ = Ko/ho,  o' = Ko/Oo, 


where xo is a constant. From (140) and (16) we have 


T, 
Bo. = crt + dy — = 


% aes 


In consequence of [67], namely 

(148) To = mo Xo(t — to), 
it follows that if we take xo = — g, we have 

(149) 6. = O' + eto + dy. 


On the assumption that rp is chosen so that a relation similar to (146) holds, 
we find from (16) and (149) 


(150) Xo = a=" oa Ci To oe @\. 


For a quatern (cf. Mz, §7) of surfaces C the functions ¢ satisfy an equation 
similar to (17), namely 
(151) vij 6; ti; = 65; Xr; t —_ Xr; 0; t; + Aj 6; t;. 


Also from (148) and an analogous equation we have 
Tx’ = modo! (to — t) = — Ao" To/do. 


With the aid of these equations it is readily shown that an equation analogous 
to (121), namely 


T=) 
(152) M Xo ( tio —_ to) =Ci— (% Mm, oo Cro to of Et ot Dro ot. r), 


is satisfied. 

In accordance with the general theory of the permutability of transforma- 
tions K,,, the constant m has the same value for the transformations from 
C into C; and Cy into Ci. Hence all three constants m are the same for com- 
plementary transforms of Co as of C. In view of the above results g and G 
accordingly have the same values for Cy as for C. Hence we have: 

THEOREM 8. When C is a special surface, the conjugate surface Co, which 
with C determines a special surface Q., is of the same class as C; if C; is a comple- 
mentary transform of C, and Cio is the fourth surface of the quatern, then Cio 
is a special surface of the same class as C and is a complementary transform of Co. 
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13. GENERAL TRANSFORMATIONS OF SPECIAL SURFACES 


In this section we apply the results of the theorem of permutability of 
transformations A, of surfaces 2 [§ 9] to show that if S and 8, are comple- 
mentary surfaces 2, it is possible to find surfaces S_ such that S, and the 
surface Sis are complementary surfaces, where Si is the surface forming 
with S, S;, and Sa quatern of surfaces 2. 

The function @.; determining the transformation from Se to Siz is given 
by [104], namely 

Ae B21 (m2 — m1) = Me Az Oy + m1 Aj O2 — Pye 


(153) 
+ m, m2 dj Ao (ti — t) (tf — t). 


From the general theory of transformations A,, we know that on the normal 
to S. there are two points M, and Meo which describe a surface C2 and a conju- 
gate surface C29, and that the four surfaces C, Co, C2, Coo form a quatern. 
From [93] we have that the function 62), determining the transformation 
from C2 to Coo, is given by 


T, ® 
(154) 2 O20 = — Yo 2 + oma de (te — t) +7 
When these expressions are substituted in 
(155) 621 = O29 + Cite + di, 
we get 
m— Me 
(Cr + E + mzXo) 62 + (Cte + D + m2 60) rz — Piz + —~ 
(156) 


0 


If the left-hand member of this equation be differentiated with respect to u 
and v separately, and it be required merely that 62 satisfy equations analogous 
to (36), the resulting equations vanish identically. Hence for all transforma- 
tions A,,, of S the left-hand member is a constant. Consequently of the ©” 
transformations A,,, of S into S:, 7! are such that (155) is satisfied, and . 
therefore, by Theorem 6, Sw is a complementary transform of S.. Hence 
S2 and Sj are special surfaces. 

By methods analogous to those followed in the preceding section it can be 


shown that 
Aor = Azo + C1 T2 + 41, 


my Ras (tas — ta) = 61 — ( Too™ + Cray + Eh + Dn +P). 


Analogously to (30) the function yw; of the transformation from Sz to Sis 
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is of the form 
mo [ Xai ( 621 )o + zo 621] 
fa = Fu ’ 


where (621 )o is the function determining the conjugate (C21 )o of C2: such that 
C2, Coo, C1, (C21)o form a quatern. From equations analogous to [84] we 
have 

(157) ( O21 )o A21 Og = — B29 Az O1 + B21 Az Oo + 10 Ax M2. 


By means of these results we find that 


m Bao ot 
par = oy + ee FB 








As the transformation constant from C2 to Ciz is m1, it follows that G is the 
same as for C. Hence: 

TueoreM 9. If S is a special surface Q and S, is a complementary transform, 
and Sz is obtained from S by a transformation Am, whose functions satisfy (156), 
S. is a special surface of the same class, and Sy, which is the fourth surface of 
the quatern determined by S, S,, and S2, is a complementary transform of Ss. 

If in the expression for ®2, as given by (23), we replace a;, b1, w:, by their 
values from (116) and (128), then in consequence of (123), and equations 
analogous to (121), (42’), and (25), the equation (156) is reducible to 


(Cr + E + mz Xo) 02 + (Ct + D + mz A) dre 


09 04 Doo ot ot 
(158) +%6( m5? +o )- v| $+ vo ( m5e + A) | 


— ys( Crt + Bt+ Dr +P +™™*) 0, 
0 


From the preceding considerations we know that the left-hand member of 
this equation equated to a constant is a first integral of equations (28). 

Since m, does not appear in equation (158), it follows that mz can take on 
the value m, as well as all other values. Hence we have 

THEeorEM 10. When a special surface S is subjected to a transformation Am 
whose functions satisfy equation (158), the new surface is a special surface of 
the same class. 

If C, C;, C;, Ci; form a quatern under general transformations K, the 
transformation function 6;; is given by [72], namely 

5p 0y) = — 0( 0152 — 45) 


159 
_ 30; *) 


ce) 
Bp (ri Oi) = (0.52 - 53 








) 
; 
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When 4, is of the form (99), and 62 is any other solution of equation (1), it is 
readily found that the expression (155) for 62: satisfies these equations for 
i = 2,7 = 1, if 02 satisfies them fori = 2,7 = 0. Hence if C and C; are 
complementary surfaces and C2 is any transform of C, one of the infinity of 
surfaces S’, which with C, C,, C2 forms a quatern under general transforma- 
tions K , is determined by the value (155) of 6.;. But one, and only one, of 
the surfaces S’ is a surface C (cf. [§9]), say Cy, in the relation of trans- 
formations K;,, and K;,, with C, and C, respectively. Moreover, we have 
seen that if the transformation K,,, from C to C2 satisfies (156), the function 
62, determining K;,, is of the form (155). Hence we have 

THEOREM 11. Jf C and C, are complementary surfaces for which 0; = 4% 
+c,t +d, and C2 is any transform of C, the surface arising from C2 by the 
transformation K determined by (155) is a surface C, uf and only if (156) is 
satisfied; in this case it is complementary to C2. 


14. THEOREM OF PERMUTABILITY OF GENERAL TRANSFORMATIONS OF SPECIAL 
SURFACES Q 


Let C, and C3; be two surfaces obtained from a special surface C by trans- 
formations K,,, and K,,, which satisfy equations of the form (156), and let 
C23 be the unique surface C which with C, C2, and C; forms a quatern of 
surfaces C. Let C, be the surface complementary to C determined by the 
constant m,, and let Cy. and C3 be the surfaces complementary to C2 and 
C; in accordance with Theorem 11. 

The functions 62;, 023, 03, determining the transformations of C2 into 
C2 and C23 and C; into C,;, are given by equations analogous to (153), namely 


A; 95; (m; — m;) = m; dr; 6; + m; dr; A, — Bi; 


; {= 2,3, 
von + m;m;; dj; (ti — t) (t; — t) (j= 1%3; 64s) 
Also in accordance with (155) 

(161) 61 = O00 tat+d (i =2,3). 
From (23) and (18) it follows that 
(162) ;; = m; mjd; Dd, (ai — 2) (aj — 2). 


Hence equation (156) may be written 
(Cr + E + mz Xo) 02. + (Ct + D + mz 0) dr2 
— Mm, M2 dj re >» (a1 — x) (a2 — 2) 
+ (m, — m2) M2 Xo ro > (a — x) (ae — 2) 


— Mz Xe (te — 1) (en + Dr+Et+F +m) = 0. 
0 
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We desire to show that the transformation from C2 to C23 satisfies a similar 
condition, namely 


(Cre + E + mz X20) O23 + ( Ctes + D + mz 820) ras 
— M4 ™s3 da1 Aas a. (12 — 22) (223 — 22) 


+ (m, — m3) Mz dz Aa >» (220 — 22) (223 — 2X2) 


T. 
— mses (tes — t)( Cnet + Dre + Ete + F + ms) = (). 


From equations (16) and (17) we have 
(163) Aaj O2 (tes — 2) = — (Ai Oo + Ooi de) (%2 — 2) +A O2 (4; — 2), 


and similar equations in y, z, and ¢. 
In consequence of the expression for T'259 analogous to (21), and of equations 
(16) and (163), the above equation multiplied by 63 is reducible to 


[ CO, r + Cro (te — t) + EO, + ms (Az O20 — Az Oo + Ao G2) | O23 Oe 
+[R(a2 — x) — (a3 — ©)Xz 02] ms { mi Ay 2 (21 — 7) 
+ (ms — m1) Xo 42 (20 — ) 
— (a2 — x) [ ms (Az O20 + Ao 2) + (Cr + E) 62 + Cro te + Dro] } 
+ (Ct, + D + mz O29) 02(R — rz 43) 
+ m3[ R(t, — t) — (ts — t) ds 2] ( (Cte + D) (O27 + da te — Ast) 


Cé 
+ (Et, + F) 0, — —* Ms (Xo G2 + Az G20) (te — t) 


— M3 Xo 42 (to — t) ) = 0, 


where we have put 
R= B23 Ao + Az 62. 


We replace the quantities }> (2; — x) (a; — 2), fori =1,2,3;7 = 1,2, 3; 
i + j, by their values from (162) and then ®;; by their values from (160). 
In like manner we replace >> (x; — x) (2% — x) for i = 2, 3 by their values 
from (160) and then ®j by expressions analogous to (154). Again analogously 
to [63], [64] we have 


20 
> (22 -— x)? a (4 —t)?. 


When these substitutions are made, we find that the equation is identically 
satisfied, in consequence of (99), (103), and (121). Hence the relation between 
C. and (2; is similar to that of C and C,. It is evident that the same is true 
of the transformation from C3 into C23. 
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From the generalized theorem of permutability of transformations K [§ 7] 
it follows that there exists a unique surface S’ which is in the relation of 
transformations K with C23, Ci3, and Cy. However, as yet we do not know 
that S’ is a surface C; but presently this will be seen to be the case. 

Now we shall show that @;, the function determining the transformation 
from C2; to S’, is given by 


(164) O25 = (023 )o + ¢1 tos + di, 


where 23 is the complementary function of C23, and (423 )o, given by an equa- 
tion analogous to (157), is the function determining a conjugate surface to C23. 
From equations analogous to [84] we have 


653 X23 02 = — Bo1 Az O3 + O23 Az 1 + O31 Az Oe. 


Substituting this expression and the expressions for (623) and t23 from equa- 
tions of the form (157) and (163), we find that in consequence of (161) equation 
(164) is satisfied identically. Hence for the quatern C2, Cy, C23, S’, the 
conditions of Theorem 11 are satisfied. Consequently S’ is a surface C, 
complementary to C2; and we have . : 

TuroreM 12. If S is a special surface Q and S, and S2 are two special 
surfaces obtained by means of transformations Am, and Ay, satisfying conditions 
of the form (158), the fourth surface of the quatern, determined by 8, 8; : So in 
accordance with the theorem of permutability of transformations A,,, 1s a special 
surface of the same class. 


15. PARALLEL TRANSFORMATION OF SPECIAL SURFACES Q 


Let S be a special surface and S; one of its complementary transforms. 
Also let Sz be the parallel transform of S, as discussed in [$10]. In accordance 
with this theory there exists a fourth surface Sy. such that S, and Sy are in 
the relation of a parallel transformation. We desire to show that S. and Sy. 
are complementary transforms of one another and hence special surfaces Q. 

In analogy with (86) the transformation functions from S to S. are given by 


(165) 0 = —r =1, 629 = Xo, Azo = 4, G02 = — Av = 1. 


The four surfaces C , Cy, C2, and C29, which are the basis of the transformation 
from S to S, form a quatern such that C and C2, and Cy and C2 are pairs of 
associate surfaces. In a similar manner for the quatern C, Ci, C2, Cy, 
C, and Cy» are associate surfaces, as follows from [§ 10]. Hence we have 


(166) 621 - Ai, dai - 6, 612 — Aiz =1. 


Now from (38) and an equation analogous to (146) we have 


(167) to =f, rf = . 
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Hence from the foregoing equations 
(168) O21 = O09 + tit + 1, Nor = Avo + C1 2 + dh, 


that is, the surfaces C, and Cj, are complementary transforms of one another, 
and likewise S, and Si2. However we notice that the constants e; and d, 
are interchanged. 

By methods analogous to those followed in § 13 it can be shown that the 
constants F, g, and G are the same for S and S.. Hence we have 

THEOREM 13. When a special surface Q whose constants are C, D, E, 
F, G, g ts subjected to the parallel transformation, the resulting surface is a 
special surface whose constants are C, E, D, F,G,Qg. 


16. SPECIAL ISOTHERMIC SURFACES 


We apply the preceding results to the determination and transformation of 
special isothermic surfaces.* 

In this case the lines of curvature being the conjugate system with equal 
point invariants, we have 


E=G6=ée*, F=0, w = 45°, p=o%, Hp = 1, 


¢ being thus defined. Since t is zero, we take r = 0 in conformity with (104), 
and have from (10) and (4), 


t=r=0, ado = bb = O, wo = To = const. = 2m, 


the constant my being thus determined. 
From [114] we have 


a = o(.-+), w= (242). 
pP2 pl p2 pl 


As it is desired that C, shall be isothermic, it follows from (121) that we must 
have 


te 2+hh. 


m, 
If we put 


2 
B=G+0+Fo +4, 


equation (129) becomes 


2 
(169) A: 0 + (8%) + Aro > — 2Dro — 2E% + B= 0, 


* The results which we obtain thus briefly are due to Darboux, Annales de 1’ Ecole 
Normale Supérieure, ser. 3, vol. 16 (1899), and Bianchi, Annali di mate- 
matica, ser. 3, vol. 11 (1905), pp. 93-158. 








| 








90 L. P. EISENHART: [January 


and equation (131) reduces to 
(170) m; (2m, + A)? — Bm, — 2DE = 0. 


From (5) it follows that if @ and Xo are of the form (136) for an isothermic 
surface, then p is a function of v alone and S is a surface of revolution, which 
we have excluded from the discussion. Accordingly an isothermic surface 
other than a surface of revolution which satisfies the condition (169) is 
called a special isothermic surface of class (A, B,D, E). 

From (139) it follows that the transformation functions leading to a comple- 
mentary transform of S are 


On 
m = e* — fame - =, Mi = W1 = 3A0 9% + A + 2m, 


D 4 
> a ee ae ae 


T1 = —40, = — % ma,’ 
1 


m,’ 
In order that this value of w; shall be equal to that given by (128), we must 
have g = 0. 

The results of §§ 11 and 12 when applied to this case enable us to state 

THEOREM 14. A special isothermic surface, whose constants are such that 
the roots of equation (170) are real and distinct, admits three complementary 
surfaces which are isothermic surfaces of the same class; and the circle-planes of 
the three transformations coincide. 

From § 13 we have 

TueoreM 15. When S is a special isothermic surface, the equations of a 
transformation D,, of this surface into an isothermic surface admit the first integral 


Or Or . 
(mse — 852) _ ( mXo + E)@, “_ (mo + D)ry 


Ou 
+ ui(A + 2m + 3 6X0.) = const. 


When this constant is zero, the resulting surface is a special isothermic surface 
of the same class as 8. 

From equation (163) for the ?’s, it follows that if S, 8, : S. are isothermic 
surfaces so also is Sj. Hence 

TuEoreM 16. If S; and S» are two special isothermic transforms of S, 
there exists a fourth special isothermic surface of the same class which is a trans- 
form of S, and ie. 

For the present case Theorem 13 becomes 

THEOREM 17. The parallel transform of a special isothermic surface of class 
(A, B, D, E) is a special surface of class (A,B, E, D). 
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17. WHEN 6 IS LINEAR IN t 


We consider throughout the remainder of this memoir the case where 4 
is linear in ¢ with constant coefficients. It follows at once from (5) and (104) 
that Xo is linear in r. Thus we put 
(171) 0 = cot + do, Ao = Cor +e. 

From (4) we have by integration 

m 
(172) T, = — (Oro + go); 


Co 


where go is a constant of integration. 
In consequence of (10) we have from (116) and (128) 


b 
a =F (eo — Bi), bi = 7 (co — Ri), 


(173) 
mo(g — go) 
Wo : 


Wy = 7, (co — Rh) + 


It follows from (113) that if g and go in (173) were equal the surfaces Cy and C, 
would coincide, which evidently is contrary to hypothesis. If we put 


(174) h = mo(g — go), 


it follows from the preceding considerations that h does not vary in passing 
to the various transforms of C. 

In considering equations (132) we excluded the case where 4p is of the form 
(171). Referring to (130) and (172), we see that the first two expressions in 
(132) vanish only when g and go are equal, which we have seen to be impossible. 
Hence when 6 is of the form (171), the vanishing of the second terms of (132) 
are a consequence of (129) which reduces to 


dt \* ot \? 
(175) el (an) +(5) |+] 
+ 27T)(Crt+ Et + Dr+F +e) + jT =0, 
where j is the constant given by 
(176) hj = 2< (dyeo + go) — 2De, — 2Ed) + 2Fq + G+ ci. 
0 


If we put 
2C + jmoeo = — hme, 2D + jmodo = — hmod, 
(177) 2E + jmo eo = — hme, 


2(F + ¢9) + j= (code + go) — he (eds +9), 
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equation (175) is reducible to 


2 2 , 
7s) o| ($2) +(F) [era roml(citt hd corto) +961. 

Suppose now that we have a surface C satisfying the equations of condition 
in § 1, with @) and Xo of the form (171), and also equation (178). By means of 
(176) and (177) we can transform the equation (178) to the form (175). Thus 
from the five arbitrary constants m,, ¢,, d,, €,, go we pass to seven, namely 
C,D, E,F,G,L,andj. Evidently then in all generality h and j can be 
given fixed values, so long as we take h + 0. The resulting equations assume 
a simple form, if we take 7 = 0 and h = — 2. Now equation (175) becomes 


7 at\?  (at\? ; ; . 
(179) pl (a) +5.) [+1 = To(Cre+ Et+ Dr+F +0), 


and the constants G and g which appear in equation (131) are given by 


G = 2Deo a. 2Edo —_ 2F eo — ce + 2 2 (do €o a go) > 
0 
(180) 


9 


$= 90 — in, 

We recall that every surface C has in general two conjugate surfaces, Co 
and (,. From [56] we have that the functions a), bj, w, determining C; 
are given by 

> , ao , bo , 1 , To 
(181) a, = wo? b, = wo? w= — - T, = o 
Since the left-hand member of (179) is equal to H? p’, it follows from (10) 
that this equation may be written 

Tr 4 . 

(182) p= Ct t+ Et+ Dr+F +e. 


0 


In consequence of (106), (181), and (182) equations (173) may be written 


‘ , my, , my, ’ mm, 
(183) @ = Go Totes by = by + 7 bo, 1 = We To Me 
Expressing the condition that these expressions shall satisfy equations (113), 
when do, bo, wo and a, by, wo satisfy it, we get 
mM 0, = mo Oo + mH, 


(184) 
my, Ay = Mo Ao + mo ) 


Equations (183) show that each circle-plane of the complementary trans- 
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formations of C is the plane of the corresponding points M, My, Mj onC, Co, 
C} respectively, and M, lies on the line My My. 

From equations (184), (171),.(99), and (103) it follows that 6; and Xj) are 
linear functions of ¢ and r respectively. 

Conversely, we shall show that when 4 and 6) are linear functions of t, 
the surface C is a special surface. If we take 


6, =c,t+d,, Ay =Or+te, 


the function 7, is given by an equation analogous to (172), namely 
. a nae 
(185) Ty = 7 (0,0 + 9)- 


From (181) and (10) we have 
(186) H? p? = TT), 


which is the same as (178) in consequence of (185). Hence we have 

THEOREM 18. When 0 and 0; for a surface C are linear in t with constant 
coefficients, C admits three complementary transforms, in general distinct, whose 
circle-planes are the planes determined by corresponding points on C, Co, and 
Co; moreover, this is the only type of special surface C with 0 linear in t. 

We propose to show that the functions 619 and io of a complementary 
transform are linear in ¢; and r; respectively. 

We put 


(187) 610 = (co + ¢’)ii t+ (d+d’), Aro = (Co +c’) 11 + (e0 +’). 


If these equations be multiplied by mA; and m, 6; respectively and the 
expressions for m;)1 610, m;01¢:, mi, #1, and m; 6,17; from (140), (121), 
and (146) be substituted, the resulting equations vanish identically if 


(D + m dy) c’ = (C + mM; Co) d’, 


| (ede +9) +F - a fe = (E+ me)d’ 


1 
+[3@ +4) +e -2m(e-2)], 


mo 


(E+ me)e’ = (C+ moeo)e’, 


| (code + 96) +F -a |e = (D+md)e’ 


1 
+[4(6 +4) + eg ¢, — 2m ( g -7.)]. 


mo 


As these four equations in c’, d’, e’ are consistent, we can find their values 
such that (187) shall be satisfied. Hence we have 
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THEOREM 19. When 4 for a special surface C is a linear function of t, 
the function 019 of each of the complementary transforms of C is linear in t,. 
From (130), (172), and (180) we have 


2 
(188) N=0-7. 


Hence the transformation functions of complementary transforms, namely 
(139), are reducible now to 





_ 2 _ _ 2 dm+D 
i = Ci + eS - Te’ "3.2e-- Te — my 
(189) 2p at 2Vp at 
m=- —. A= -= x» 
To Ou To Ov 


m, 7101 = wi (Ri +1) + mA A. 


18. SPECIAL SURFACES OF GUICHARD 


In this section we apply the results of the preceding section to establish 
the existence of special surfaces of Guichard and to show that they admit 
transformations. * 

When we compare equations (58) and (64), we note that for every surface 
of Guichard 4 and Xo are of the form (171) where 


1 


-—— dg =e = 0. 
2mo’ . ° 


Co = 


Again comparing (63) and (172), we see that 


_ 1 
go = 4m>* 


In consequence of (58), (61), and (63), equations (189) become 


fy = 2(h-—m), 7 = — 2(e& + 3d,), 
dé dé 
— a i . 
(190) m 2 esch aa By 2 sech an 


my, 710, = 2D (ih? = 1)eé + 2ef E -+ 2h(ey ae F -_ C) 


+| Gm +1) + 2m (F - a1) + Dey - 2c], 


i The results here obtained were established at length by the author in a previous memoir, 
ef. Annali di matematica, ser. 3, vol. 22 (1914), pp. 191-248. 
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where m; is the constant given by 


(191) ae (< sp) = 1 Ber +00). 


my ~ 2mo 
If the last of (190) be differentiated with respect to wu, the resulting equation 
is reducible by means of (81) to 
m, 71 €* (ki bd: + vi) + m0, ef sinh a + Eeé sinh a 
+ e* D[ 2h(cosh a + hsinh a) + (1 — A?) sinh a] 
+ (ec, — F —C)(cosha+hsinha) =0, 
where now k;, as defined by (82), is given by 


rae hd, + 2e* m1 
— dy + Qe* 


The consistency of this equation with equations (190) necessitates the relation 
(192) a —-F—-C=4mm, 
under which condition the last of (190) reduces to 
Mm, 7190; = 2D (hr? —_ 1)e* + Qeé E aL Shm, ™m 
(193) io 
+ (De, — (1 + m;)4m). 


When these values are substituted in (27), we obtain 


(194) esch? a (¢ ) + sech? a ( =) ‘ 


+h?+ D(1 — h*®)e* — Ee®f + 2Bh +H = 0, 
where 
(195) B= — (2m,+1)m, H = 2m, + m?(1 + 2m) — 3 De. 


On the other hand equation (179) reduces to (194) where now 
(196) H=1-—C—F-— co = 2C —1+ 2mi(2m +1). 
Equating these two expressions for H , we have 
(197) 2C + 3 De: = (1 + 2m) (m — 1)?. 

For the present case we have from (180) 

G = 2Cey — 2Feo — ce, g9 = —c + 40, 
and the cubic (131) becomes 


2CF 


my, 


2Feo + ec — 2Ceg + 2m (4e9 — ch) + 
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In consequence of (191) and (192) this equation is equivalent to (197). With 
the aid of (195) it can be shown to be equivalent also to 


(198) (H > 2m, ) 2m, (2m, + 1) — B 2m, + DE (2m + 1) = 0, 


which is the equation found in the above-mentioned memoir. 
When the above values of the constants are substituted in the expression 


1 
(G+) +ee — 2m (go - =), 
mo 
it vanishes identically. Hence the quantities c’, d’, e’ in (187) are equal to 
zero, and we have 


(199) O19 = Cots + do, Ato = Cot + 0. 


As the functions 1, m1, 61, 71, 1, given by (190) and (193), satisfy equa- 
tions (81), we have 

THEOREM 20. When a surface of Guichard satisfies the condition (194), 
in which the four constants B, D, E, and H are such that the roots of equation 
(198) are real and distinct, the surface admits three complementary transforms 
which also satisfy (194). 

The latter part of this theorem follows from the fact that the transforms 
are surfaces of Guichard, and from the general results of § 12, since H, as 
given by (196), depends only on C and F, and B, as follows from (195) and 
(196), is equal to 
(200) B=3(3C+F +0 -—2). 


When a surface of Guichard satisfies (194) we say that it is a special surface 
of class (B,D, E, F). 
Since co = — 4 mp and dy = 0, it follows from (64) that 


(201) r=—(1+h)e*. 


When S is a special surface of Guichard and 8; is a surface of Guichard 
which is a transform of S in accordance with §§ 5 and 6, then in consequence 
of the formulas in these sections and the present one, equation (158) is re- 
ducible to 


esch asm + sech aS, - (F+ M2 #) (0: +#) 
(202) Ou dv . rs 
+ ra| me(1 — h®)e® +5 | — po [B+ h(1 + 2m.)] =0. 


Hence for all transformations from a special surface of Guichard into a surface 
of Guichard the left-hand member of this equation is constant. Applying 
Theorem 10 to this case, we have 














1916] TRANSFORMATIONS OF SURFACES Q 97 


THEOREM 21. Whena special surface of Guichard undergoes a transformation 
Am for which the functions satisfy (202), the resulting surface is a special surface 
of Guichard of the same class. 

If S, S:, and S. are three surfaces of Guichard of which S; and Sz are trans- 
forms of S, the fourth surface of the quatern, determined in accordance with 
the general theorem of permutability of transformations A, is a surface of 
Guichard. We shall not go through the details of establishing this here.* 
Hence in view of Theorem 12 we have 

TuEoreM 22. If S; and 8, are two transforms of a speciai surface of Guichard 
S satisfying (202), the fourth surface of the quatern is a special surface of the 
same class. 

Combining Theorems 3 and 13, we have 

THEOREM 23. The parallel transform of a special surface of Guichard of 
class (B, D; E, H) is a special surface of class (B, E, D, H). 


19. ENVELOPE OF THE CIRCLE-PLANES OF A COMPLEMENTARY TRANSFORMATION 


We consider now the envelope of the circle-planes of a complementary 
transformation of a special surface. 

With the aid of (34), (41), and (139) the expressions for the functions p, w, 
and y, as given by (47), (50’), and (51), are reducible to 


6 3 
p=, w= [t(Dr+ Fa) — (r+ D)(B— not) |}, 
90; T 
y mo 


y= 09 (Cr + E) - Xo ( Ct + D). 
We recall that the linear element of the envelope Sp is 


ds, = dw* + 2dpdy. 
Hence, if we put 


(204) w=, =-ytu, 2y = — (y +22), 


the surface whose coérdinates x, y, z, are given by (204) is applicable to So. 
When in particular S is a special isothermic surface, the expressions (203) 
are reducible in consequence of the results to § 16, to 
Py 2 
ers w= —>(m % + D), 
_ m+ D 


v 





y (Ao d; — 2e1), yv=0E—-XD. 


 *Cf. Annali, le., p. 213. 
Trans. Am. Math. Soc. 7 
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Substituting these values in (204) and eliminating 0) and Xo, we get 
(y + iz) [a — 2mi(y — iz)] = 22[((2C +d, E) (y — iz) —ax+d). 


Hence Sp is applicable to a quadric, as Darboux has shown.* 
When S is a special surface of Guichard, in consequence of the results of 
§ 18, the expressions (203) are reducible to 





_ Cd _ 2m, m4 ef —— Dh 
P = dy’ — v . 
D -é 2(1+m 
y=- [mca —m)e& + > (1 ~ ay | C+ hy yee =) 


v=4 Eeé +3 De*(1 — fh’). 


These are equivalent to the expressions for p, w and y which we have found 
previously, and from which we showed that Sp is applicable to a quadric.f 


20. THe CASE m, = m2 


In this closing section we consider the case where two transformations A,,, 
with the same values of the constant m, have the same circle-planes. From 
(93) and (98) it follows that in this case @) and Xo are of the form (171). 

If we put m; = mz = m, equations (98) may be replaced by 

KMo KM 


205) 6. = 6, + A, we =A + ™m 


m 
From these equations, (95) and (10) we have the first two of the equations 
(206) do = a, + Kao, bo = by + xbo, We = Wy + KWo, 
the last being a consequence of the fact that a, and b: as thus given must 
satisfy equations (113) for i = 2, when a; and }, satisfy these for 7 = 1. 
When we express the condition that 4. and 6; shall satisfy equations of the 


form (36), the resulting equations are reducible in consequence of (10) and 
(171) to the single one 





(207) Mrz te = mr, ty — KmMp dor + KBo, 
where 


It is readily shown that this value of ft. satisfies equations (38) for 7 = 2 on 
the assumption that ¢; satisfies them fori = 1. 


*L. c.; ef. also Bianchi, I. c., p. 139. 
tAnnali, l.c., p. 241. 
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The remaining condition to be satisfied in order that the transform of C 
by dz, be, we, 02, 2 shall be a surface C is equation (115) fori = 2. This 
necessitates the relation 


Cc 
mo (Ao A: + A.rA1) — Pio - (1 — meee) mds (t — t) 


(208) m? 2 
-S(n-8) 

If the left-hand member of this equation be differentiated with respect to 
u and v separately, the resulting equations vanish identically in consequence 
of (36) and (96). Hence for any transformation K,, of a surface C satisfying 
(171) the left-hand member of (208) is a constant. If this constant is different 
from zero, a constant x can be found so that (208) holds, and then (205) and 
(206) define a second transformation such that for the two transformations 
the circle-planes coincide. Accordingly we have 

THEOREM 24. When the function 09 of a surface S is linear in t, each trans- 
formation A, for whose functions the left-hand member of (208) 1s different from 
zero has associated with it another transformation A,» such that the circle-planes 
of the two transformations coincide. 

The surfaces of Guichard are of this type. 


PRINCETON UNIVERSITY, 
May 14, 1915. 

















ON FIGURES OF EQUILIBRIUM OF A ROTATING COMPRESSIBLE 
FLUID MASS; CERTAIN NEGATIVE RESULTS* 


BY 


E. J. MOULTON 


1. Introduction. The problem of determining from theoretical considera- 
tions the shape of celestial bodies has led to extensive discussions of figures of 
equilibrium of a rotating fluid mass. Especial difficulties have been en- 
countered when the fluid is assumed compressible, the case in nature. They 
are in fact so great that various writers have considered it worth while to 
establish that certain figures, for a certain type of law of density of the fluid 
mass, are not figures of equilibrium. Thus Hamyt proved that an ellipsoidal 
mass composed of a finite number of layers of homogeneous fluid in which 
the density increases layer by layer from surface to center and the bounding 
surfaces of the layers are ellipsoids coaxial with the surface ellipsoid, cannot 
be a figure of equilibrium. Véronnet{ extended Hamy’s theorem to the case 
in which the density is any continuous function increasing from surface to 
center. Volterra$ arrived at the same negative conclusion, supposing the 
equidensity surfaces to be homothetic ellipsoids, and the density function to 
be any positive, finite, integrable function not a constant. 

In this paper other negative theorems are established. Surfaces of great 
generality are considered, as contrasted with the ellipsoidal surfaces discussed 
by earlier writers, but generality in the conclusion is lost in so far as there 
may be for a given surface a finite number of values of a certain compressi- 
bility parameter for which the conclusion is not true. The surfaces discussed 
include all ellipsoids, and the results for ellipsoids are new since it is not 
assumed that equidensity surfaces are ellipsoids. 

2. Notation and fundamental equations. A fluid mass is considered whose 
surface is = and density at any point P is p; such a mass is referred to briefly 

* Presented to the Society, under a slightly different title, December 27, 1913. 

t Thesis (Paris), Hiude de la figure des corps célestes, 1887. Reproduced by Tisserand, 
Traité de Mécanique Céleste, vol. 2, pp. 186-192. 

t Thesis (Paris), Rotation de l’ellipsoide hétérogene et figure exacte de la Terre, 1912, Journal 
de Mathématiques, ser. 6, vol. 8 (1912), pp. 331-465. 

§ Sur la stratification d’une masse fluide en équilibre, Acta Mathematica, 27 (1903), 
pp. 105-124. 
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as the mass (2, p). The mass is rotating with an angular velocity w about 
an axis A; the angular velocity is constant throughout the mass. The only 
forces acting arise from the mutual attractions of the particles under the 
newtonian law, and from the internal pressure. 

In order for the fluid mass to be in equilibrium the following conditions 
must be satisfied: 

I. At every point of the fluid 
(1) dp = fo, 


where dp and dU are the differentials of the pressure and of the potential of 
the attraction and centrifugal force, and where f is the gravitation constant. 
II. On the surface = the potential U and the density p are constant. 
III. The center of gravity of the mass (2, p) lies on the axis A of rotation. 
If, for a mass (2, p) rotating with an angular velocity w about an axis A, 
conditions I, II, III are satisfied, then (2, p, w, A) will be called a system 
of equilibrium. 
Turning to the equations of the problem, we have first 
_ ow R pdr 
where R is the distance from the axis of rotation A to the point P at which 
U is computed, and where A is the distance from P to the volume element dr, 
and the integral is extended throughout the mass (2, p). Next we assume 
a relation between the pressure and density in the mass to hold, expressed 
by the equation 


(3) hdp = fp dp - dp, 


where h is a compressibility parameter, and F'(p, h) is a polynomial* in p, 
is analytic in h in the vicinity of h = 0, and is such that 


OF (p, h) 


| + 0, 
Op — Sp=po 
if po > 0, po being a constant. 

Equations (1) and (3) are satisfied if and only if 


OF (p, h) 


ap p = hdU or p=0. 


The latter equation may be discarded in our problem. The solutions of the 
former under the condition that p = po > 0 at a fixed point Po in the mass 
(2, p) are considered; they are solutions of 


(4) F(pi,h) = F(po,h) + h(Ui — Uo), 


* The function F (p, h) may be greatly generalized in the later argument; see § 7. 
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where subscripts are used to indicate the point at which the functional values 
are taken, P; being a variable point in the mass (2, p). In view of equation 
(2), we may write (4) in the form 


ae 
(6) Flats h) = F(p0,b) + 99 (RE — RS) +h f x2 padre, 


1 1 


“is Bis Aon’ 
where Aj is the distance from P, to the volume element d7rz, and Ags has a 
similar meaning. 
Equation (5) is the fundamental integral equation which the density function 
must satisfy. It has its simplest form when F(p,h) = p. In this case (3) 
is the Laplace pressure-density equation* 


(3!) hdp = fodp; 

and (5) may be written 

(5’) pi = 1 + hg(Ri — R3) +h f wz pz dre, 
where 

(5’ a) pi = pi/po, = = w*/2fpo. 


3. More exact statement of the problem. The general problem of deter- 
mining figures of equilibrium from our point of view may now be stated thus: 
Given an axis of rotation A and a pressure-density equation of the form (3), 
it is required to find an angular velocity w, a surface 2, and a constant pp > 0, 
such that a solution p of equation (5) makes (2, p, w, A) a system of equi- 
librium. Our method will be to make the compressibility parameter h play 
a fundamental réle; that is, various functions will be expanded as power 
series in this parameter. In this papert we shall let = be any one of an ex- 
tensive class of surfaces and Po any interior point, and consider the possibility 
of determining w and po as functions of h such that when equation (5) is satis- 
fied (2, p,w, A) is a system of equilibrium for some continuous range of 
values of h. The negative conclusion we shall reach shows that to solve the 
problem by our method it is necessary to let = vary with h. 

In order to describe = accurately, we make the following definitions. By a 
regular surface we understand one which can be cut into a finite number of 
pieces, each of which has at every point a continuously turning tangent plane; 
by a simple surface, one which is continuous and has no multiple points or 
lines. The surface > will be chosen from the class of closed, simple, regular surfaces. 

We shall assume that w and pp can be determined as desired and derive 


*The pressure-density equation dp = hpdp was used by Laplace (Mécanique Céleste, 
book XI, chap. IV); it is to be observed that our A is proportional to the reciprocal of the 
Laplace h. For us, h = 0 gives an incompressible fluid. 

+ In a later paper I propose to adopt a different method, and let = vary with h. 
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necessary consequences. We first consider the special case when (5) reduces 
to the simpler equation (5’). 

4. The solution of the integral equation (5’). This is a linear integral 
equation of the Fredholm type, but presents an unusual difficulty in the fact 
that the kernel x;. becomes infinite not only when the variable points P; 
and P, coincide, but also when P2 coincides with the fixed point Py. This 
difficulty is met by considering the iterated equation* 


(7) pa =m+th [KB ordre, 


where we have dropped accents and written 


m = 1+ hq (Ri — R2) +h f wa (1 + hg (Ri Ré)] drs, 


(8) Kin = fe K32 dr3 


“lx 1 -|a . a | a x |< 
"J Léndu dntdal” ed Ldn Onl” 


The function 7 is readily seen to be continuous in P; throughout 2; more- 
over the last two integrals are continuous functions} in P; and P2 throughout 


>, and hence we may writeft 


(2) , 1 
K\2 = mie F Miz Aes 


where the only discontinuity comes in through the factor 1/Ag.. If we use 
polar coérdinates with the pole at Py, we have 


Aoz =f1fe, dre = r3 sin 62 dre d0. doz 9 


and hence the function 4; and the kernel «(3 r3 sin 6. are continuous in 


(11,01, $1) and (11, 01, $1, T2, 92, G2) respectively. Thus the apparent diffi- 
culty in equation (7), due to the way in which the kernel becomes infinite, 
disappears. 

We know then from the general theory of integral equations,§ that equa- 


* That is, the equation obtained from (5’) by changing the subscripts 1 and 2 to 2 and 3 
and substituting the right member for p2 in the integral of (5’), and then altering the notation 
slightly. It is here, where an interchange of order of integration occurs, and later in this 
article in connection with solving (7), that some assumption concerning the character of = is 
chiefly needed. It could be of less restricted class. 

t The continuity of the function given by the first integral follows from the inequalities 
given by Fredholm, Acta Mathematica, vol. 27 (1903), p. 387. The second inte- 
gral is the potential for a constant density, which is known to be continuous. 

t As a matter of fact u’12 is independent of P2. 

§ See, for example, Bécher, An Iniroduction to the Study of Integral Equations; or Lalesco, 
Introduction a la Théorie des Equations Iniégrales. 
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tion (7) has, except for isolated finite values of h, a unique solution continuous 
in P,, and it readily follows that the same is true of (5’). Also we may write 
the solution 


(9) a=mt+h { K2m dre, 


where K‘} is, except for isolated finite values of h, analytic in h and con- 
tinuous in P; and P; throughout =. In particular, K? is analytic in h at 
h=0. 


By use of equation (8) we write 
(10) pr = 1 + hg (Ri — Ro) + AS, (1) + gS (FR? — Ri), 


where, if f is any function whose value at P; is f;, 


Si(f) = J wife drz — h f K% [ fe + hf wosfs drs | dre. 


We observe that when f is independent of h, S;(f) is analytic in h except 
for isolated finite values of h, and in particular is analytic at h = 0. 

5. The first conclusion. If w and po can be determined so that when p; 
is a solution of (5’) (2, p,w, A) is a system of equilibrium for other than 
isolated finite values of h, then it is possible to determine q( = w?/2fpo) so 
that the function p; given by (10) is effective in satisfying equilibrium con- 
ditions II and III. In the first place g may be so chosen that the values of p 
at any two points P; and P, on = are the same. The value of q for this 
purpose is readily found to be 


(11) —— S2(1) — 8:(1) ot te 
1 Ri — RE + hE Si (Ri = RE) + Se (Ri — B3)]’ 


where subscripts on the S’s indicate the points at which they are computed. 
Since ¢( = w’/2fpo) is constant as far as P; and Pz: are concerned, its charac- 
terization as to h is obtained by choosing P; and P2 so that Ri + Rz. We 
thus find that g as given by (11) is analytic in h except for isolated finite values, 
and in particular is analytic at h = 0. This value of q, therefore, when 
substituted in (10), determines a function p which is in general analytic in h, 
in particular in the vicinity of h = 0, and which for all such values of h is 
constant on =. Also since the center of gravity of (2, p) is on the axis A 
for other than isolated finite values of h, it is in general on A, and in particular 
for all values of h near h = 0. 

The argument thus far reduces the consideration of values of h to those in 
the vicinity of h = 0. We now write 


2) 


(12) p= Deh; g= Lg? hi, 
7=0 


i=0 
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where p\” is continuous throughout 2. Equilibrium conditions I and II 
require (a) that p\ be constant on =, and (b) that the center of gravity of (2, p“) 
lie on the axis A. 

By substituting (12) into (5’) and equating coefficients of like power of h, 
we find that 


p® =1, 


13 , ; 
(13) p = g) (Ri — RR) + f m2 pi-P dr. (4 =1, 2, 3, +++). 


The right member of (13) is, except for an added constant, the potential at 
P,, for a certain angular velocity, of the mass (2, p‘*~”). In view of the 
italicized statement in the preceding paragraph, taking 7 = 1, we now have 
the following negative result. 

THEOREM 1. Let an axis A of rotation and a closed, simple, regular surface* 
> be chosen arlitrarily. Then, (a) if = is not an equipotential surface of the 
mass (2,1) when rotating with a suitable constant angular velocity, or (b) if 
the center of gravity of the homogeneous mass (=, 1) 1s not on A, there exist only 
isolated finite values of h for which w and po may be so chosen that, if p is a con- 
tinuous solution of (5), (2, p, w, A) is a system of equilibrium. 

6. The case of an ellipsoid. If > is an ellipsoid and A is a diameter, the 
center of gravity of the mass (2, 1) lies on A, but = may or may not be an 
equipotential surface of (2, 1) when rotating with a proper angular velocity; 
if it is not, Theorem 1 applies; if it is, we proceed one step further. 

For this purpose, we use the following method of computing the newtonian 
potential. Let 2 be , 


2 2 


re 
(14) atptseal, 


2 Ce 


and let us write 


2 2 2 


— ee ee - : ae . 
aiteal e F yes e’+s P+s C+s8' 
Then if the density is constant on the surface wu = const., the newtonian 


potential is given byt 


cs] Vv d V 2 b2 e 
(15) v=f f pH) dune D(s) = a a) beet 8) 


Now suppose Pp is taken on the axis A, so that Ry = 0. Taking i = 1 


* A more extensive class of surfaces might be used; e. g., 2 might be composed of a finite 
number of non-intersecting closed, simple, regular surfaces, and the conclusion still be true. 

+ This formula was used by Volterra, loc. cit., p. 108, with a slightly different notation. 
The proof is readily made by comparison with pp. 138-140 of Mathieu’s Théorie du Potential, 
where a similar formula is derived for the potential at an exterior point. 
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in (13), we have then from (15) 


(16) p? = q® Ri — Mi, 2i — Meyi — M327, 
where 


* ds vs ds 
m= f (a + 8)D(s)’ M.= { (6? + 8) D(s)’ 


- ds 
Ms -f (f+8)D(s)" 


It is readily proved that since p{'’ is constant on 2;, and hence the right 
member of (16) is constant in x; and y; when 2; is eliminated by use of (14), 
the axis A of rotation must be a principal axis of 2. Suppose A is the z-axis. 
On eliminating z; from (16) and equating the coefficients of 2] and yj to zero, 
we have 


2 é 
gq? — M, — Ms = 0, gq” — Me M; = 0. 


2 ~ RB 


The ellipsoid must therefore have axes so related that for some value of g 
these two equations hold simultaneously.* For such ellipsoids 


x? ; st 
(17) p\) = eM] 34843] =e ase - 1). 
We consider next p™. From (13) we have 
pi’ = q® Ri + Sf x12 ps’ dre. 


The integral is, except for an added constant, the newtonian potential for the 
density function p{’. It may therefore be computed by use of (15) and (17). 
It is seen that p\” contains terms of second and fourth degrees in 21, 1, 213 


the latter are 
a (sh yi 5) ds 
3 wh S+e' Pte Pte D(s)° 


When 2; is eliminated by use of (14) the fourth degree terms must vanish; 
hence 


f (a? — c*) sds ies ft (> —)sds — — 
» (@+s8)(F+8)D(s) ”’ »o (P+8)(F+8)D(s) ~*~ 
Hence we have a = b = ¢; that is 2 isa sphere. Hence 

TuHeorEM 2. Even if = is an ellipsoid, not a sphere, and A is a diameter 
of =, the conclusion of Theorem | 1s true. 


* These conditions are satisfied if the ellipsoid is of revolution or if it is one of the figures 
of equilibrium discovered by Jacobi—the Jacobian ellipsoids. 
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7. The more general pressure-density equations. In the preceding para- 
graphs our equations come from the initial use of the Laplace pressure-density 
equation (3’). We now consider the consequences of the initial use of the 
more general equation (3). We choose the surface = and axis A as in the 
preceding discussion and attempt the formal determination of po, p, and w* 
as functions analytic in h in the vicinity of h = 0 such that equation (5’) 
and equilibrium conditions II and III are satisfied for all values of h in the 
vicinity of h = 0. If we write 


(18) po= Lpyhi; p=LpPh; B= Yo Be, 
i=0 1=0 i=0 
conditions II and III require that p‘ be constant on 2 and that the center 
of gravity of the mass (2, p‘) be on A. 
If we substitute (18) in (5) and take the value at h = 0 of F (pi, h) and 
its first and second h-derivatives,* we have 


(19a) F(p\”,0) = F(p,”, 0), 
OF (py, 0) )_ ps Sie. 0) _ OF (90,0) a), OF (ot, 0) 
(198) dpi dh Apo Po dh 
+ 0 (Ri — Ri) + f 12 0? dre, 
OF (p'”, 0) “ 3? 0° F (pi, 0) a 0 F (p!”’, 0) - 
dp1 = <i Op? 2 +2- Opidh Pp} 
PF (p?,0) _ OF (0,0) a) 1 PF (000) | ap 
(19¢) oh? ee Op : . 
0? F (p”, 0) & F (py, 0) 
+? Opo Oh py + —— OR + 20® (Ri — Ro) 


+ f Ki2 py dre. 


Equation (19a) is satisfied by p\” = p, which makes p; equal po, as it 


should, when the point P; coincides with P. Since p\” is a constant, p\ is 

constant on 2, satisfying one equilibrium condition. The center of gravity 
condition requires that the center of gravity of the mass (2, pa’) » and hence 
of (2,1), lie on the axis A. Solving equation (195) for p\, we have a 
constant added to a constant multiple of 


wo Ri + f Ki2 py dre. 





*It is only in computing these derivatives that we need restrictions on the kind of func- 
tion F (p,h) may be. Any function which leads to equations (19a), (19b), (19c) on differen- 
is not zero, may be used. 


(1) (2) s 


tiating as to h, and for which the coefficient of p\’ and 
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This expression is therefore constant on 2 under precisely the same conditions 
as the function p\” of the preceding paragraphs, and differs from that function 
only by an added and a multiplied constant. Hence when ® is an ellipsoid 
and A is a diameter of £, the function p{’ is either not constant on = or it is 


given by a formula similar to (17): 


PP =C§ypwt+lr, C, + 0. 


When we consider p}’, as found from (19c), we see that, since p’ is constant 
on 2, p\’ is constant on > if and only if 


Qu) R? aa J x12 py? dre 


is constanton >. This leads at once, as before, to the conclusion a =: b = c. 
Hence we have 
THEOREM 3. Let = and A be as described in Theorem 1. Under the same 
hypotheses (a), (b), or the hypothesis of Theorem 2, it is impossible to determine 
w, po, and p as power series in h so that equation (5) shall be satisfied, p shall 
be constant when h = 0, and (2, p, w, A) shall be a system of equilibrium for 
all values of h near h = 0. 





